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In this work, we construct and study certain classes of infinite dimensional 
Lie groups that are modelled on weighted function spaces. In particular, we 
construct a Lie group Diffyy(X) of diffeomorphisms, for each Banach space 
X and set W of weights on X containing the constant weights. We also 
construct certain types of „weighted mapping groups". These are Lie groups 
modelled on weighted function spaces of the form Cy^;{U,Li{G)), where G 
is a given (finite- or infinite dimensional) Lie group. Both the weighted 
diffeomorphism groups and the weighted mapping groups are shown to be 
regular Lie groups in Milnor's sense. 

We also discuss semidirect products of the former groups. Moreover, we 
study the integrability of Lie algebras of vector fields of the form Cyy(X, X) xi 
L(G), where X is a Banach space and G a Lie group acting smoothly on X. 
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1. Introduction 



1. Introduction 

Diffeomorphism groups of compact manifolds, as well as groups C''{K,G) of Lie group- 
valued mappings on compact manifolds are among the most important and well-studied 
examples of infinite dimensional Lie groups (see for example |Les67] . |Mil84) . |Ham82] . 
|Omo97] . |PS86] and |KM97| ). While the diffeomorphism group Diff(i^) of a compact 
manifold is modelled on the Frechet space C°°{K,TK) of smooth vector fields on K, 
for a non-compact smooth manifold M, it is not possible to make Diff(M) a Lie group 
modelled on the space of all smooth vector fields in a satisfying way (see |Mil82) ). We 
mention that the LF-space C^(M, TM) of compactly supported smooth vector fields 
can be used as the modelling space for a Lie group structure on Diff(M). But the 
topology on this Lie group is too fine for many purposes; the group Diff^(M) of compactly 
supported diffeomorphisms (which coincide with the identity map outside some compact 
set) is an open subgroup (see |Mic80] and |Mil82) . Likewise, it is no problem to turn 
groups C^{M,G) of compactly supported Lie group- valued maps into Lie groups (cf. 
|Mil84j . IAHKM+93] . [Glo02b]). However, only in special cases there exists a Lie group 
structure on C°°{M, G), equipped with its natural group topology, the smooth compact- 
open topology (see |NW08) ). 

In view of these limitations, it is natural to look for Lie groups of diffeomorphisms 
which are larger then Diff^(M) and modelled on larger Lie algebras of vector fields than 
C^{M,TM). In the same vain, one would like to find mapping groups modelled on 
larger spaces than C^(M, L(G')). 

In this work, we construct such groups in the important case where the non-compact 
manifold M is a vector space (or an open subset thereof, in the case of mapping groups). 
For most of the results, the vector space is even allowed to be a Banach space X. The 
groups we consider are modelled on spaces of weighted functions on X. For example, we 
are able to construct a Lie group structure on the group Diff5(]R") of diffeomorphisms 
differing from id]Rn by a rapidly decreasing R"- valued map. Considered as a topological 
group, this group has been used in quantum physics ( jGol04| ). For n = 1, another 
construction of the Lie group structure (in the setting of convenient differential calculus) 
has been given by P. Michor ( |Mic06[ §6.4]), and applied to the Burgers' equation. The 
general case was treated in the author's unpublished diploma thesis |Wal06] . 

To explain our results, let X and Y be Banach spaces, f/ C X open and nonempty, 
A; G N := N U {oo}, W be a set of functions f on U taking values in the extended 
real line R := M U {oo, — oo} called weights. As usual, we let C^{U,Y) be the set 
of all fc-times continuously Frechet-differentiable functions 7 : f/ — )■ F such that / ■ 
||-D^^^7||op is bounded for all integers £ < k and all / G W. Then Cy^{U,Y) is a locally 
convex topological vector space in a natural way. We prove (see [Theorem 4.3.171 and 
[Theorem 4.4. 16p 

Theorem. Let X be a Banach space and W C R with Ix G W. Then Diff^(X) := 
{(p G Diff(X) : (f) — idx, 4>~^ — idx G C^{X, X)} is a regular Lie group modelled on 

Replacing C^{X, X) by the subspace of functions 7 such that /(x) ■ \\D^^^-f{x)\\op 
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1. Introduction 

as ||a;|| — > oo, we obtain a subgroup Diffyy(X)° of Diffyy(X) which also is a Lie group 
(see 



Proposition 4.3.19). 



As fo r mapping groups, we first consider mappings into Banach Lie groups. In sec- 
tion 6.2 we show 

Theorem. Let X be a normed space, [/ C X an open nonempty subset, W C r'^ with 
lu £ VV, A; G N and G be a Banach Lie group. Then there exists a connected Lie group 
C^{U, G) C modelled on C^{U, L(G')), and this Lie group is regular. 

Using the natural action of diffeomorphisms on functions, we always form the semidi- 
rect product C^{X, G) xi Diffyy(X) and make it a Lie group. 

In the case of finite-dimensional domains, we can even discuss mappings into arbitrary 
Lie groups modelled on locally convex spaces. To this end, given a locally convex space 
Y and an open subset U in a finite-dimensional vector space X we define a certain space 
Cy^;{U,Y)' of C^-maps which decay as we approach the boundary of U, together with 
their derivatives (see IDefinition 3.4.81 for details). We obtain the following result 

Theorem. Let X be a finite-dimensional space, [/ C X an open nonempty subset, 
W C M with 1[/ G W, G N and G be a locally convex Lie group. Then there exists a 
connected Lie group C^(t/,G)* C G^ modelled on C^([/, L(G))V 

We also discuss certain larger subgroups of G^ admitting Lie group structures that 
make C!^{U,G)* an open normal subgroup (see [section 6.4p . 

Finally, we consider Lie groups G acting smoothly on a Banach space X. We investi- 
gate when the G-action leaves the identity component Diffyy(X)o of Diffyy(X) invariant 
and whether Diffyy(X)o xi G can be made a Lie group in this case. In particular, we 



show that Diff5(M"')o x GL(M") is a Lie group for each n ( Example 5.4.2 ). By contrast, 
GL(]R") does not leave Diff|i^„|(M") invariant ( [Example 5.T3| ). 



We mention that certain weighted mapping groups on finite-dimensional spaces (con- 
sisting of smooth mappings) have already been discussed in [ BCR8H §4.2] assuming 
additional hypotheses on the range group (cf. [Remark 6. 4. 24 p . Besides the added gen- 
erality, we provide a more complete discussion of superposition operators on weighted 
function spaces. 

In the case where W = {Ix}, our group Diffyy(X) also has a counterpart in the 
studies of Jiirgen Eichhorn and collaborators ( |Eic96] . |ES96) . |Eic07] ). who studied 
certain diffeomorphism groups on non-compact manifolds with bounded geometry. 

Semidirect products of diffeomorphism groups and function spaces on compact ma- 
nifolds arise in Ideal Magnetohydrodynamics (see [KW09[ II.3.4]). Further, the group 
iS(M") X Diff5(R"') and its continuous unitary representations are encountered in Quan- 
tum Physics (see |Gol04J : cf. also |Ism96| §34] and the references therein). 



Acknowledgement The current work comprises results from the author's Diplomar- 
beit and his Ph.D. -project (advised by Helge Glockner). The research was supported by 
the German Research Foundation (DFG), grant GL 357/4-1. 



5 



2. Preliminaries and Notation 

2. Preliminaries and Notation 

We give some notation and basic definitions. More details are provided in the appendix. 

2.1. Notation 

We write 1 := M U {-oo, oo}, N := N U {oo} and N* := N \ {0}. Further we denote 
norms by ||-||. 

Definition 2.1.1. Let A,B be subsets of the normed space X. As usual, the distance 
of A and B is defined as 

dist{A,B) := inf{||a-6|| : a e A,b e B} e [0,oo]. 

Thus dist(A, 5) = oo iff A = or = 0. 
Further, for x G X and r G M we define 

Bx{x, r) := {y E X : \\y — x\\ < r} 

Occasionally, we just write Br{x) instead of Bx{x,r). For the closed ball, we write 
B{x,r) and the like. 
Further, we define 

D:=Sk(0,1), 

where K G {M, C}.No confusion will arise from this abuse of notation. 

2.2. Differential calculus of maps between locally convex spaces 

We give basic definitions for the differential calculus for maps between locally convex 
spaces that is known as Kellers C^-theory. More results can be found in [section A. 21 

Definition 2.2.1 (Directional derivatives). Let X and Y be locally convex spaces, 
f/ C X an open nonempty set, u E U, x & X and f : U ^ Y a. map. The derivative of 
f at u in the direction x is defined as 

teK* 

whenever that limit exists. 

Definition 2.2.2. Let X and Y be locally convex spaces, [/ C X an open nonempty 
set, and f : U — )■ F be a map. 

We call / a C^-map or just if / is continuous, the derivative df{u; x) exists for all 
{u,x) E U X X and the map df : U x X ^ Y is continuous. 

Inductively, for a G N we call / a C^-map or just if / is a C^-map and d^f := 
df -.UxX -^Y is a ^-map. In this case, the k-th iterated differential of / is defined 
by 

d''f ■= d''-\df) : U X X^'-i ^ Y. 
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2. Preliminaries and Notation 

If / is a C^-map for each A; G N, we call / a C^-map or just or smooth. 
Further, for each /c G N we define 

C^{U,Y) := {f:U^Y\fisC^}. 

Often, we shall simply write C^{U, F), C'^ and the like. 

It is obvious from the definition of differentiability that iterated directional derivatives 
exist and depend continuously on the directions. The converse of this assertion also 
holds. 

Proposition 2.2.3. Let f : U Y be a continuous map and r G N. Then f G C^{U, Y) 
iff for all u E U , k E N with k < r and Xi, . . . ,Xk E X the iterated directional derivative 

d^^'^fiu; xi, . . . , Xk) := (D.^, ■ ■ ■ D^J){u) 

exists and the map 

U X X'' ^ r : (m, xi, . . . , Xfc) ^ d^^^f{u] Xi, . . . , Xu) 
is continuous. We call d^'^^f the k-th derivative of /. 

2.3. Frechet differentiability 

We give basic definitions for Frechet differentiability for maps between normed spaces. 
More results can be found in [section A. 31 

Definition 2.3.1 (Frechet differentiability). Let X and Y be normed spaces and U an 
open nonempty subset of X. We call a map 7 : f/ — )■ F Frechet differentiable or J^C^ if 
it is a C^-map and the map 

D7 : f/ ^ L(X, F) :x^->c^7(x;■) 

is continuous. Inductively, for G N* we call 7 a J-'C'^^^-map if it is Frechet differentiable 
and D7 is a J-'C'^-map. We denote the set of all /c-times Frechet differentiable maps from 
U to Y with J-'C^{U,Y). Additionally, we define the smooth maps by 

J^C°^{U,Y) := Pi J^C''{U,Y) 

keN* 

and TC\U, Y) := C^{U, Y). The map 

D : J^C^+^{U, Y) TC^U, L(X, F)) : 7 D7 
is called derivative operator. 

Remark 2.3.2. Let X and Y be normed spaces, U an open nonempty subset of X, 
k E N* and 7 G J-'C^{U, Y). Then for each £ G N* with £ < k there exists a continuous 
map 

D^'^ -.U ^L'{X,Y), 

where L^(X, Y) denotes the space of ^-linear maps X^ — )■ Y, endowed with the operator 
topology. The map D^^^'j can be described more explicitly. If 7 G J^C''{U,Y), also 
7 G C^{U, Y) holds, and for each x G f/ we have the relation 
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3. Weighted function spaces 



3. Weighted function spaces 

In this section we give the definition of some locally convex vector spaces consisting of 
weighted functions. The Lie groups that are constructed in this paper will be modelled 
on these spaces. We first discuss maps between normed spaces. In [section 3^ we will 
also look at maps that take values in arbitrary locally convex spaces. The treatment of 
the latter spaces requires some rather technical effort. Since these function spaces are 
only needed in [section 673] and [section 6^ the reader may eventually skip the section. 

3.1. Definition and examples 

Definition 3.1.1. Let X and Y be normed spaces and t/ C X an open nonempty set. 
For k eN and a map / : f/ — )■ M we define the quasinorm 

|H|/,fc : J^C\U,Y) -> [0,oo] : sup{|/(x)| \\D^''^<f){x)\\op -.xeU}. 

Furthermore, for any nonempty set W of maps f/ — )■ M and A; G N we define the vector 
space 

C^(f/, Y) := {7 G TC\U, r) : (V/ G W, £ G N, £ < k) \\^\\f,, < oo} 
and notice that the seminorms induce a locally convex vector space topology on 

An important example is the space of bounded functions with bounded derivatives: 
Example 3.1.2. Let A; G W. We define 

BC\U,Y):=C'^,^y{U,Y). 

Remark 3.1.3. Let U and V be nonempty open subsets of a normed space X and 
U CV. For a set W C 1^, we define 

W\u:= {f\u--feW}. 
Further we write with an abuse of notation 

CUU,Y) :=C^|^(f/,F). 
Remark 3.1.4. As is clear, for any set T C 2^ with W = Uj-eT-^ have 

C(f/,F)= fl C'AU,Y). 
eeN,e<k 

We define some subsets of C!^{U, Y): 
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3. Weighted function spaces 



Definition 3.1.5. Let X and Y be normed spaces, U C X and V CY open nonempty 
sets and W C r'^. For A; e N we set 

C^{U, V) := {7 e C^(t/, Y) : ^{U) C V} 

and 

C^\U, V) - {7 e C^(C/, y) : (3r > 0) ^{U) + By{0, r) C V}. 

Obviously 

and if lu e W, then C^\U, V) is open in C^{U, Y). 
U U C X is an open neighborhood of 0, we define 

C^([/,F)o:={7eC^(^,>^):7(0)=0}. 

Analogously, we define Cy^{U, V)o, Cy^{U, V)q and BC^{U, V)o as the corresponding sets 
of functions vanishing at 0. 
Furthermore, we define 

C^UXr ■■= {7 e C^{U,Y) -.{yf eW,ieN,e<k,e> 0)(3r > 0)||7|j;\b.(o)||// < e}. 

Note that we are primarily interested in the spaces Cyy(X, Y)°, but for technical reasons 
it is useful to have the spaces Cy^{U, Y)" available for C/ C X. 

We state a property of the subspace Cy^{U, Y)". 

Lemma 3.1.6. C^{U,Yy is a closed vector subspace of Cy^{U,Y). 

Proof. It is obvious from the definition of C^{U,Y)° that it is a vector subspace. It 
remains to show that it is closed. To this end, let be a net in C^{U,Y)° that 

converges to 7 G C!^{U, Y) in the topology of C!^{U, Y). Let / G W, £ G N with i <k 
and £ > 0. Then there exists an e I such that 

i>ie ^ Il7-7i||/,^ < |- 
Further there exists an r > such that 

e 

\\lie\u\Br{0)\\f,i < 2" 

Hence 

||7|c/\Br(o)||// < hluXBrio) - 7%|;7\B,(0)||/,^ + ||7%lt/\B,(0)||// < £■ □ 
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Examples involving finite-dimensional spaces Let K G {M, C} and n E N. In the 

following, let U be an open nonempty subset of K". For a map / : f/ — t- M and a 
multiindex a G N" with |a;| < A; we define 

IMI^,, : CUU,Y) ^ [0, oo] : ^ sup{|/(x)| : x G f/}. 



We conclude from equation (A. 4. 6.1) in Proposition A. 4.^ that for a set W of maps 
f/ ^ 1 and A; G N 

C^{U, F) = {0 G C^SU, Y) : (V/ G W, a G N^, |«| < A;) < oo}, 

and the topology defined with the seminorms ||-||/,a coincides with the one defined above 
using the seminorms This characterization oi C!^{U,Y) allows us to recover well- 

known spaces as special cases: 

• If W is the space C^{U,W^) of all continuous functions, then 

where T>{U,W^) denotes the space of compactly supported smooth functions from 
U to M'"; it should be noticed that C^i^jj^rn){U,W^) is not endowed with the ordi- 
nary inductive limit topology lii^^ Pi^(f/, R"*), but instead the (coarser) topology 
making it the projective limit 



lim(limr'^([/,M™)) = lim 

p6N K pen 



r). 



where D^(f/, R™) denotes the C^-maps with support in the compact set K, en- 
dowed with the topology of uniform convergence of derivatives up to order p; and 
P^(f/, R™) the compactly supported C'^'-maps endowed with the inductive limit 
topology of the sets R™). 

The vector- valued Schwartz space 5(R",R"). Here U = Y = R", k = oo and W 
is the set of polynomial functions on R*^. 

The space BC''{U,W^) of all bounded C'^-functions from f/ C K" to K"" whose 



partial derivatives are bounded (for W = {It/}); see Example 3.1.2 



• If yV = {lx,oo ■ lx\u}, then the space C^{X, Y) consists of BC\X, Y) funct ions 
that are defined on X and vanish on the complement of U. 

3.2. Topological and uniform structure 



We analyze the topology of the weighted function spaces defined above. In Proposition 3.2.3 
we shall provide a method that greatly simplifies the treatment of the spaces; it will be 
used throughout this work. We will also describe the spaces C^{U, Y) as the projective 
limits of suitable larger spaces. In particular, this will simplify the treatment of the 
spaces C^{U, Y). Further we give a sufficient criterion on the set W which ensures that 
C!^{U,Y) is complete. 
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3. Weighted function spaces 



3.2.1. Reduction to lower order 

For £ > 0, it is hard to compute the seminorms ||-||/,^ on C^{U, Y) exphcitly. We develop 
techniques that allow us to avoid this explicit computation. 

Lemma 3.2.1. Let X and Y be normed spaces, U X an open nonempty set, k ^ N, 
W C 1^ and 7 G TC^U, Y). Then 

7eC^(f/,r) ^ {WeNo,i<k)D^'^jeC^,y{U,L'{x,Y)), 

and the map 

CUU,Y) ^ llC%{U,L\X,Y)) : 7 ^ {D^'h)eeN,e<k 
is a topological embedding. 

Proof. Both assertions are clear from the definition of C^{U,Y) and Cy^{U,L^{X,Y)). 

□ 

The previous lemma shows that we only need to compute the seminorms |H|/,o of the 
derivatives D^^^'y. But often it is not possible to compute the higher order derivative 
if £ > 1. The next lemma states a relation between the higher order derivative of 
7 and those of D'-f. 

Lemma 3.2.2. Let X and Y be normed spaces, U X an open nonempty set, k E N 
and-1 e J^C''^\U,Y). Then 

\\D^'\D^){x)U=\\D^'+'h{x)U (3.2.2.1) 
for each x G U and i < k. In particular, for each map f G M^, £ < k and subset V U 

||7|y||/,m= Ilp7)|y||//. (3.2.2.2) 
Proof. We proved in ILemma A. 3. 141 that 

where Se^i : L{X,L^{X,Y)) — )■ L^"'"^(X, y) is the natural isometric isomorphism (see 

ILemma A.3.5p . The asserted identities follow immediately. □ 

Proposition 3.2.3 (Reduction to lower order). Let X and Y be normed spaces, t/ C X 
an open nonempty set, W C M , k E N and 7 G J-'C^{U, Y). Then 

^eC^\u,Y) ^ (D7,7)eC^(t/,L(x,r))xC(t/,r). 

Moreover, the map 

C^\U,Y) ^ CUUMX,Y)) X C(f/,r) : 7 ^ (D7,7) 
is a topological embedding. In particular, the map 

D:C'^\U,Y)-^C^{UMX,Y)) 

is continuous. 
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Proof. The first relation follows immediately from the definition of J-'C'^-maps and identity (3.2.2.2) 
in lLemma 3.2.21 This identity, together with lLemma 3.2.T1 also implies that {U,Y) 
is endowed with the initial topology with respect to 

D:C^+i(t/,F)^C^(f/,L(X,F)) 

and the inclusion map 

C^\U,Y)^C^iU,Y). 
This proves the second assertion. □ 

Corollary 3.2.4. Let X and Y he normed spaces, U ^ X an open nonempty set, 
W CR^ , k EN and e TC\U,Y). Then 

^ec!^\u,Yy ^ iD^,^)ecUuMx,Y)rxcUu,Yr. 



Proof. This is also an immediate consequence of Proposition 3.2.3 and identity (3.2.2.2) 
in ILemma 3.2.21 □ 

3.2.2. Projective limits and the topology of C^{U,Y) 

Proposition 3.2.5. Let X and Y be normed spaces, U X an open nonempty set, 
A; G N and W C M a nonempty set. Further let {J^i)i^i be a directed family of nonempty 
subsets ofW such that [J^^jJ^i = W. Consider I x {i eN : i < k} as a directed set via 

((^1, £i) < («2, h)) ^ ii<i2 and £i < £2- 

Then C^{U,Y) is the projective limit of 

{C^^^{U,Y) : i eN,e < k,i e 1} 

in the category of topological (vector) spaces, with the inclusion maps as morphisms. 

Proof. Since 

i&I 

the set C^(f/, y) is the desired projective limit as a set, and hence also as a vector 
space. Moreover, it is well known that the initial topology with respect to the limit 
maps Cy^iU, Y) — )■ Cj-. (f/, Y) makes Cy^{U, Y) the projective limit as a topological space, 
and also as a topological vector space. But it is clear from the definition that the given 
topology on C^(f/, Y) coincides with this initial topology. □ 

Corollary 3.2.6. Let X and Y be normed spaces, U X an open nonempty set and 
W C M . The space Cy^{U,Y) is endowed with the initial topology with respect to the 
inclusion maps 

C^iU,Y)^CUU,Y). 

Moreover, C^{U,Y) is the projective limit of the spaces C!^{U,Y) with A; G N, together 
with the inclusion maps. 



Proof. This is an immediate consequence of Proposition 3.2.5 □ 
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3.2.3. A completeness criterion 

Lemma 3.2.7. Let X and Y he normed spaces, U X an open nonempty set, k E N 
and X E U. Suppose that W C M contains an fx E W with fx{x) ^ 0. Then 

is a continuous linear map. 

Proof. If there exists an / G W with f{x) G { — oo, oo}, then for each 7 G Cyy{U, Y) the 
estimate 

114(7)11 = < ||7||/,o 
holds. Otherwise, for each / G W with f{x) 7^ and 7 G Cy^{U, Y), we have 

114(7)11 = 117(2^)11 < [/^ll^ll/'O- 

In both cases, these estimates ensure the continuity of 4- D 

We describe a condition on W and Y that makes Cy^{U, Y) complete. 

Proposition 3.2.8. Let X and Y be normed spaces, U X an open nonempty set and 
k eN. Further let W be a set of weights such that for each compact line segment S* C f/ 
there exists an fs eW with infa;g5|/5(x)| > 0. Then the image of C!^^{U,Y) under the 
embedding described in Proposition 3.2.^ is closed. 

Proof. Let be a net in C^^{U,Y) that (7j)ie/ converges to 7 in Cyy{U,Y) and 

the net (D7j)jg/ converges to some F in C^{U,L{X,Y)). We have to show that 7 G 
C^\U,Y) with D7 = F. 

To this end, consider x E U, h E X and t G M* such that the line segment Sx,t,h '■= 
{x + sth : s E [0, 1]} is contained in U. Since evaluation maps and the weak integration 
are continuous (see ILemma 3.2.71 and ILemma A.L7t respectively) and the hypothesis on 
W implies that {D'~fi)i(zj converges to F uniformly on Sx,t,h, we derive 

7(x + th) - 7(x) _ 7i(x + th) - 7i(x) 



iei t 



iel t Jo 



Since F is continuous, we can apply Proposition A.L8 and get 

lim 7(3: + t/i) - 7(3^) ^ f' i-^r^ix + sth) ■h)ds = r(x) ■ h. 
t^o t Jo 

Because F and the evaluation of linear maps are continuous (ILemma A.3.3|) . 7 is a C^-map 
with d'-f{x; ■) = F(a;), from which we conclude with another application of the continuity 
of F that 7 G J-'C^{U, Y) with D'j = F. Finally we conclude with Proposition 3.2.3 that 
^eC^\U,Y). □ 
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Corollary 3.2.9. In the situation of Proposition 3.2.8 , assume that Cyy{U,Y) is com- 
plete for each Banach space Y . Then also C^{U, Y) is complete, for each k E N. 

Proof. The proof for A; < cxd is by induction. 
k = 0: This holds by our hypothesis. 

k ^ k + 1: We conclude from Proposition 3.2.8] that C^^{U,Y) is isomorphic to a 
closed vector subspace of Cyy(f/, L(X, F)) x Cyy(f/, y). Since this space is complete by 
induction hypothesis, so is C^^{U,Y). 

k = oo: This follows from Corollary 3.2.6 and the fact that C^{U, Y) is complete for all 
A; G N because projective limits of complete topological vector spaces are complete. □ 

We give a sufficient condition for the completeness of Cy^{U, Y). 

Proposition 3.2.10. Let X be a normed space, U ^ X an open nonempty set and Y a 
Banach space. Further let W be a set of weights such that for each compact set K (1 U 
there exists an fx & yV with infa.gi^|/i^(a;)| > 0. Then Cy^{U,Y) is complete. 

Proof. Let (7i)ig/ be a Cauchy net in Cy^{U,Y). The hypotheses on W imply that 
the topology of Cy^{U,Y) is finer than the topology of the uniform convergence on 
compact sets. Hence we deduce from the completeness of Y that there exists a map 
7 : t/ — 7- y to which (7j)ig/ converges uniformly on each compact subset of U ; and since 
each 7j is continuous, the restriction of 7 to each compact subset is continuous. Hence 
7 is sequentially continuous since the union of a convergent sequence with its limit is 
compact; but U is first countable, so 7 is continuous. 

It remains to show that 7 G Cy^{U, Y) and (7j)je/ converges to 7 in Cyy{U, Y). To see 
this, let / G W and e > 0. Then there exists an £ G / such that 

(V2,j > i) 11% -7jll/,o < 

which is equivalent to 

(Vx G U,i,j > £) ||7i(x) - 7,(a;)|| < e. 

If we fix i in this estimate and let 7j(x) pass to its limit, then we get 

(WxeU,i>i) |/(x)|||7^(x)-7(x)|| <£. (*) 
From this estimate, we conclude with the triangle inequality that 

(Vx G U) \f{x)\ ||7(x)|| < 6 + \f{x)\ Hix)\\ < e + ||7j/,o, 

so 7 G Cyy(?7, y). Finally we conclude from (j*)) that ||7j — 7||/,o < ^ for all z > £, so 
(7i)iG/ converges to 7 in C^(f/, Y). □ 

Corollary 3.2.11. Let X be a normed space, U X an open nonempty set, Y a Banach 
space and /c G N. Further let W be a set of weights such that for each compact set K O U 
there exists a fx & with inf^gx|/x(a^)| > 0. Then Cyy(f/, y) is complete. 



Proof. This is an immediate consequence of Corollary 3.2.9 and Proposition 3.2.10 □ 



Corollary 3.2.12. Let X be a normed space, U ^ X an open nonempty set, Y a Banach 
space and /c G N. Further let W be a set of weights with Ijj G W. Then C!^{U,Y) is 
complete; in particular, BC^{U,Y) is complete. 
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An integrability criterion. The given completeness criterion entails a criterion for the 
existence of the weak integral of a continuous curve to a space C^{U, Y) where Y is not 
necessarily complete. 

Lemma 3.2.13. Let X and Y be normed spaces, U ^ X a nonempty open set, /c G N, 
W C 1^, r : [a, b] C^{U, Y) a map and R G C^{U, Y). 

(a) Assume that T is weakly integrable and that for each x eU there exists an 
with fx{x) 7^ 0. Then 

T{s) ds = R ^ {\/xe U) 5x (^j^ T{s) ds^ = R{x), 
and for each x (zU we have 



5, (^j^ T{s) d^ = ^ 5x{T{s)) ds. (3.2.13.1) 



(h) Assume that for each compact set K ^ U, there exists a weight //^ G W with 
mij:^K\fK{x)\ > 0, that T is continuous and 

b 

S,{T{s))ds = S,{R) (*) 
holds for all x eU . Then T is weakly integrable with 

T{s)ds = R. 

Proof, (a) Since {6x ■ x G U} separates the points on C!^{U,Y), the stated equivalence 
is obvious. Further, we proved in ILemma 3.2.71 that the condition on W implies that 
{6x -.xeUjC L(C^(f/, Y), Y), so (13.2. 13. ip follows from ILemma A. 1.41 

(b) Let Y be the completion of Y. Then C^{U,Y) C C^{U,Y), and we denote the 
inclusion map by l. It is obvious that i is a topological embedding. In the following, we 
denote the evaluation of Cy^{U, Y) at x & U with S^. 

Since we proved in Corollary 3.2.11 that the condition on W ensures that Cy^{U,Y) is 
complete, i o F is weakly integrable. Since 6x o l = 6x for a; G f/, we conclude from (a) 
(using Q and equation (3.2.13.1)) that 

-b 



I {LoT){s)ds = i{R). 

J a 



This identity ensures the integrability of F: By the Hahn-Banach theorem, each A G 
C^(f/, Y)' extends to a A G C^(f/, Y)', that is A o i = A. Hence 

b pb ^ _ 

{XoT){s)ds= / {Xo LoT){s)ds = X{l{R)) = X{R), 



which had to be proved. □ 
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3.3. Composition 

In this subsection we discuss the behaviour of weighted functions when they are com- 
posed with certain other function classes. 

3.3.1. Composition with a multilinear map 

We prove that a continuous muhihnear map from a normed space Yi x ■ ■ ■ x Ym to a 
normed space Z induces a continuous multihnear map from Cyy{U, Yi) x ■ ■ ■xCy^(f/, Ym) to 
C^{U, Z). As a preparation, we calculate the differential of a composition of a multilinear 
map and other differentiable maps. The following definition is quite useful to do that. 

Definition 3.3.1. Let Yi, . . . , Fm, X and Z be normed spaces and b : Yi x • • • x — y Z 

a continuous m-linear map. For each i e {1, . . . , m} we define the m-linear continuous 
map 

6« :Fi X ■■■ X X L(X,F,) x x ■ ■ ■ x F„ ->L(X,Z) 

(yi, . . . , yi-i, T, yi+i, . . . ,ym) ^ {h^ b{yi, yi-i, T ■ h, yi+i, . . . , ?/„)). 

Lemma 3.3.2. Let Yi, . . . , Y^ and Z be normed spaces, U be an open nonempty subset 
of the normed space X and A; G N. Further let b : Yi x ■ ■ ■ x Ym Z be a continuous 
m-linear map and 71 G J-'C'^{U, Y^), . . . , 7^ G J-'C^{U, Y^)- Then 

6o(7i,...,7^) G 

with 

m 

D{b o (71, . . . , 7„)) = ^ 6« o (71, . . . , 7,_i, D7,, 7,+i, . . . , 7„). (3.3.2.1) 
Proof. To calculate the derivative of 6 o (7^^, . . . , 7^), we apply the chain rule and get 

m 

^(6 o (71, . . . , 7^))(a;) ■ /i = ^ 6(71(2;), . . . , 7i_i(x), D'^i{x) ■ /i, 7^+1 (x), ... , 7„^(x)) 

1=1 

m 

= ^b^'Klii.^)^ ■ ■ ■ni-i{x),D%{x),%+i{x), . . . ,7m(a;)) ■ h. 
1=1 

This clearly implies fl3.3.2.ip . □ 

Proposition 3.3.3. Let U be an open nonempty subset of the normed space X . Let 
Yi, . . . , Ym be normed spaces, A; G N and W, Wi, . . . , Wm ^ sets such that 

(V/G W)(3(7/,i G Wi,...,(7/,„G W™)|/| < \gfA---\gf,m\. 

Further let Z be another normed space and 6 : Yi x ■ ■ ■ x Ym Z a continuous m-linear 
map. Then 

&o(7i,...,7jeC^(f/,Z) 
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for all 71 G C^^ (t/, Fi) , . . . , 7^ e C^^ {U, Y^) . The map 

Mkih) : C^v, iU, Fi) X ■ ■ ■ X C^^ {U, Y^) ^ C^U, Z) : (71, . . . , 7^) 6 o (71, . . . , 7^) 
is m-linear and continuous. 

Proof. For k < 00, we proceed by induction on k. 

k = 0: FoT f eW, X eU and 71 e C^^ {U, Fi), . . . , 7m e C^^ {U, Y^) we compute 

m m 

|/(x)|||6o(7i,...,7^)(x)|| < ||6||opni^/.''lll^^(^)ll ^ ll^llopnil^^lls/.'O' 

i=l 2=1 

so 6 o (71, ... , 7^) G Cyy(f/, Z). From this estimate we also conclude 

m 

||Mo(6)(7i,...,7r„)||/,o = ||6o (7i,...,7^)||^^o < II^IUp nH^^Hs/.-.o, 

i=l 

SO Mo(6) is continuous at 0. Since the m-linearity of Mo(&) is obvious, this implies the 
continuity of Mo(6) (see |Bou87t Chapter I, §1, no. 6]). 

k ^ k + 1: From Proposition 3.2.3 (together with the induction base) we know that 
for 71 e C^+i(?7,Fi)'...,7meC^^^(f/,V™) 

&o(7i,...,7^) GCi(f/,Z) ^ Z}(6o(7i,...,7„))eC^(f/,L(X,Z)) 

and that Mk+i{h) is continuous if 

D o Mfe+i(6) : C^+i(f/, Fi) X ■ ■ • X C^J(f/, r„) ^ C^(f/, L(X, Z)) 

is so. We know from (13.3.2. ip in lLemma 3.3.21 that 

m 

Dip o (71, . . . , 7„)) = ^ feW o (71, . . . , 7i_i, L)7i, 7i+i, . . . , 7„). 

By the inductive hypothesis, 

h^'^ o (71, . . . , 7,_i, D7,, 7,+i, . . . , 7^) G C^([/, L(X, Z)) 

and hence 

Z}(6o(7i,...,7^))gC^([/,L(X,Z)). 

Since 

Mfc(6«) : c^,(f/,ri) X ■ ■ ■ X c^^(f/,L(x,r,)) X ■ ■ ■ X c^^(?7,i;„) ^ c^iuMx^z)) 

is continuous by the inductive hypothesis, it follows that D o Mk^i{h) is continuous as 

m 

{D o Mfc+i(6))(7i, . . . , 7„) = ^ Mfc(6»)(7i, . . . , 7,_i, D7,, 7^+1, . . . , 7™)- 
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Furthermore, Mk+i{b) is obviously m-linear, so the induction step is finished. 

k = oo: From the assertions aheady estabhshed, we derive the commutative diagram 



C^(U,Y,)x...xC^jU,Y„^ 



{U,Y,)x...xC^jU,Y„, 



M„{b) 



for each n G N, where the vertical arrows represent the inclusion maps. With Corollary 3.2.6 
we easily deduce the continuity of M^{b) from the one of Mn{h). □ 

Corollary 3.3.4. Let Yi, . . . , Ym he normed spaces, U an open nonempty subset of the 
normed space X, G N and W, Wi, . . . , Wm ^ such that 

(V/G G Wi,...,^/,™G WJI/I < \gf,i\---\gf,^\. 

Further let Z he another normed space, h : Yi x ■ ■ ■ x Ym Z a continuous m-linear 
map and j G {1, . . . , m}. Then 

6o(7i,...,7,,...,7^) GC^(f/,Zr 
for all 'ji G C^-(f/, Yi) (i ^ j) and 'jj G C^.{U, Yj)". Moreover, the map 

Mk{b) : C^^ {U, Fi) X ■ ■ ■ X C^, {U, Y,r x ■ ■ ■ x C^^ (f/, Y^) ^ C^(f/, Zy 



■ (7i, • • • ,7i, • • • ,7m) ^bo (7i, 
is m-linear and continuous. 



.7j 



5 • • • 5 / 7 ; • • • ; 7m, 



Proof. By [Proposition 3.3.3] we only have to prove the first part. This is done by 
induction on k (which we may assume finite). 

k = 0: For f e W, X e U and 71 G ^ (f/, n), • • • , 7, e (f/, 1^)°, . . . , 7^ G 
C^^{U,Yra) we compute 

|/(x)| ||6o (7i,...,7j-,...,7„)(a;)|| 



< 



I op 



Y[\9f,i{^)\\\li{x)\\ < I ll&l|opnil^^ll9/>-o ) \9fAx)\ 



i=l 



From this estimate we easily see that 6 o (7^, 



.7i, 



,jm)eC%(U,zr. 



— 7- A; + 1: From Corollary 3.2.4 (together with the induction base) we know that for 

71 e C+^(f/, Y,),.. .,^,eC^HU,Y,r, . . . , 7m e Cj(f/, Y^) 



&o(7i,...,7„---,7m) gC^+1(?7,Z)" ^ D(6o(7i,...,7^,...,7j) GC^v(t/,L(X,Z))°. 
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We know from fl3.3.2.ip in lLemma 3.3.21 that 

m 

Dip o (71, . . . , 7j-, . . . , 7„)) = ^ feW o (71, . . . , 7j, . . . , 7i_i, L)7i, 7^+1, . . . , 7^) 



+ 6^^^ o (71, . . . , 7j„i, L)7j-, 7j-+i, . . . , 7„). 

Because 7^ G C^^{U,Yj)° and D7J G C^^. (f/, L(X, Y^))°, we can apply the inductive 

hypothesis to all 6*^*^ and the C'^-maps 71, . . . , 7^ and -D71, . . . , -D7m to see that this is 
an element of C^(f/, L(X, Z))". □ 



We list some applications of Proposition 3.3.3 In the following corollaries, k G N, U 
is an open nonempty subset of the normed space X and W C M always contains the 
constant map lu- 

Corollary 3.3.5. Let A be a normed algebra with the continuous multiplication *. Then 
Cyy{U,A) is an algebra with the continuous multiplication 

Mi*) :CUU, A) X C^(f/, A) ^ C^U, A) 
M(*)(7, ri){x) = 7(x) * ri{x). 

We shall often write * instead of M{*). 

Corollary 3.3.6. // E, F and G are normed spaces, then the composition of linear 
operators 

■ : L(F, G) X L{E, F) -> L{E, G) 

is bilinear and continuous and therefore induces the continuous bilinear maps 

M(-) -.C^iU, L(F, G)) X C^(f/, L{E, F)) ^ C^(f/, L{E, G)) 
M(-)(7,r/)(x) = 7(x) -riix) 

and 

Mbc{-) --CUU, L(F, G)) X BC'iU, HE, F)) ^ C^{U, L(E, G)) 
Mi3ci-) il,v)ix) = li^) ■ Vi^)- 
We shall often denote M(-) just by ■. 

Corollary 3.3.7. Let E and F be normed spaces. Then the evaluation of linear maps 

■ : L{E, F) X E ^ F : {T,w) ^T -w 

is bilinear und continuous (see \Lemma A. 3^) and hence induces the continuous bilinear 
map 

M(-) -.C^iU, UE, F)) X C^(f/, E) ^ C^U, F) 
M(-)(r,r/)(x) = r(x) ■r/(x). 

Instead of M{-) we will often write ■. 
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3.3.2. Composition of bounded functions 

In this subsection we explore the composition between certain subsets of the spaces 
BC\U,Y). 

Lemma 3.3.8. Let X , Y and Z be normed spaces, f/ C X and V open nonempty 
subsets and k eN. Then for 7 G BC^^\V, Z) and t] e BC^'\U, V) 

-for^eBC\U,Z), 

and the map 

BC''+\V, Z) X i3C^'^(f/, V) B&{U, Z) : (7, r^) ^^ 7 o r/ (*) 

is continuous. 

Proof. For k < 00 this is proved by induction: 
k = 0: Obviously 

BC\V, Z) o i3C^'0(f/, V) C i3C°(f/, Z), 

so it remains to show that the composition is continuous. To this end, let 7, 70 G 
BC\V,Z), 7],7]o G BC^^\U,V) with ||r/-r/o||ic/,o < dist{r]o{U), dV) and xeU. Then 

\\{'yor]){x) - (70 or7o)(x)|| 
= ||7(r/(x)) - 7(^7o(a;)) + 7(^o(a;)) - 7o(^?o(a;))|| 



< 



Dj(tr]{x) + (1 - t)r]o{x)) ■ {r]{x) - r]o{x)) dt 







<p7lliv,oh(x) - r]o{x)\\ + 11(7 - lo){r]o{x) 



in this estimate we used ||?7 — r^oHijy.o < dist{riQ{U) , dV) to ensure that the line segment 
between ri{x) und rio{x) is contained in V. The estimate yields 

II7 o 77 - 7o o ?7o||i[,,o < ||7l|iv,ill'7 - Vohufi + II7 - lohufl, 

whence the composition is continuous. 

— )• + 1: In the following, we denote the composition map (j*]) with gk,sz- We know 
from Proposition 3.2.3] (and the induction base) that 



gk+i,z{BC''+\V, Z) X BC^'''+\U,V)) C BC''^\U,Z) 

^ {Dog,^,^,){BC'+\V,Z) X BC^^'+\U,V)) C BC\UMX,Z)) 

and gk+i,z is continuous iff Dogj^j^^ z is so, as a map to BC^{U, L(X, Z)). An apphcation 
of the chain rule gives 



{D o gk+i,z){l, v) = 9kMY,z){D-i, t]) ■ Dr] 
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for 7 G BC (V, Z) and rj E BC ' (?7, \^), where ■ denotes the composition of hnear 
maps, see Corollary 3.3.6 Since D-f e BC^^^{V, L(F, Z)), we deduce from the inductive 



hypothesis that 



and using Corollary 3.3.6 we get 
The continuity oi D o gk+i,z follows with 



(by the inductive hypothesis), ■ (by Corol 



equation (**) from the continuity of gk,L{Y,z) 



ary 3.3.6| ) and D (by Proposition 3.2.3 ) 



k = oo: From the assertions already established, we derive the commutative diagram 



BC°"{V,Z) X BC^'°^{U,V) 



Br+\V,Z) X BC'''''{U,V) 



9oo,Z 



■BC°°{U,Z) 



gn.z 



■Br{U,Z) 



for each n G N, where the vertical arrows represent the inclusion maps. With Corollary 3.2.6 
we easily deduce the continuity of Qoq^z from the one of Qn.z- D 

Lemma 3.3.9. Let X , Y and Z be normed spaces and U ^ X , V ^ Y be open subsets. 
Further, let 7 E TC^{V,Z), 7 G C°(V,Z), fj G i3C°(f/,F) and t] G C°(t/,r) such that 
dist(r/([/), dV) > 0. Then, for all x E U and t E R* with 



\t\ < 



dist{r]{U),dV) 

Il^l|lc7,0 + 1 



the identity 



( ^ ° ^"^^ ^"^^ 7 o r/ ^ ^ ^^,(^o(ry+t,)))+^' 6.,{{Djo{r^+stf,))-fj) ds (3.3.9.1) 

holds, where 5^ denotes the evaluation at x. 
Proof. For t as above the identity 

(7 + ^7) o (^rj + tfj) — •y o rj = •y o (^rj + tfj) + t^ o (^rj + tfj) — 'J o r] 
holds, and an application of the mean value theorem gives 



Sxil ° iv + tfj) - y o r]) = / 6,j:{{Dy o {r] + str])) ■tfj)ds. 

Jo 



Division by t leads to the desired identity. 



□ 
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Proposition 3.3.10. Let X , Y and Z be normed spaces, f/ C X and V Y open 
subsets and k E N, £ E N . Then the continuous map 

g'+f+' : BC'+'+\V, Z) X BC'^\U, V) ^ BC\U, Z) : (7, r/) 7 ° ^ 

(cf. \Lemma 3.3.8\) is a C^-map with 



d9BC,z\^o,Vo;i,v) = 9BC,t\^^Vo)+9'st;MY,z)iDlo,Vo) ■ V- (3.3.10.1) 

Proof. For k < 00, the proof is by induction on i wliicli we may assume finite because the 
inclusion maps BC°°{V, Z) — )■ BC^^^^^{V, Z) are continuous linear (and hence smooth). 

i = 1: Let 7o,7 G BC''+^+\V, Z), r]o G BC^'\U,V) and 7] G BC''{U,Y). From 
ILemma 3.3.91 and ILemma 3.2. 131 we conclude that for t G K with \t\ < ^j^e 
integral 

1 



(D70 o (?7o + str])) - rids 







exists in BC {U, Z). Using equation (3.3.9.1) we derive 



T = 9bc,z (7, ^0 + tv) 



+ 



I 9l^CMY,z) (^7o, m + str]) ■ rj ds. 

J 



We use Proposition A. 1.8 and the continuity of 9^'^^z^, 9bc'l(yz) ' ILemma 3.3.81 



and Corollary 3.3.7 ) to see that the right hand side of this equation converges to 

^BcS'(7, ^0) + 4c!L(y,z)(^7o, ^0) ■ V 

in BC^{U, Z) as t ^ 0. Hence the g^cfz^ is differentiable and its differential is given by 
(I3.3.10.ip and thus continuous. 

£-1 ^ i: The map ^^+5^ '^^ dg^BC,z^ is C^-\ The latter follows easily from 
fl3.3.10.ip . since the inductive hypothesis ensures that g^^^^ and g^^i^i^y z) and 
• and D are smooth. 

If A; = 00, then in view of Corollary 3.2.6 and Proposition A. 2. 3 g'^'c z smooth as 



a map to BC°°{U, Z) iff it is smooth as a map to BC^{U,Z) for each j G N. This is 
satisfied by the case k = j , i = 00. □ 

3.3.3. Composition of weighted functions with bounded functions 

Lemma 3.3.11. Let X, Y and Z be normed spaces, [/ C X and V ^ Y open subsets 
such that V is star-shaped with center 0, k E N and W C M with lu G W. Then for 
7 G BC''-^\V, Z)o and r] G C^^{U, V) 

jor]eC^{U,Z), 
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and the composition map 

BC'^\V, Z)o X C^'iU, V) ^ C^U, Z) : (7, r^) 7 ° (*) 
is continuous (C^^{U,V) is endowed the topology induced by Cyy{U,Y)). 
Proof. We distinguish the cases k < oo and k = oo: 

k < oo: To prove that for 7 G BC^~^^(y, Z)q and rj G C^{U, V) the composition 7 o r/ is 
in Cy^{U, Z), in view of Proposition 3.2.3] it suffices to show that 

7 o G C^{U, Z) and for A; > also ^(7 o r^) G C^"^(?7, L(X, Z)). 

Similarly the continuity of the composition (j*]), which is denoted by g^^ in the remainder 
of this proof, is equivalent to the continuity of o g^ and for A; > also of D o g^.^ where 
: Cyy{U, Z) — 7- Cyy(f/, Z) dcuotes the inclusion map. 

First we show 7 o G Cyy(f/, Z). To this end, let / G W and x G f/. Then 



|/(x)|||7(^(x))|| = |/(x)|||7(^(x)) -7(0)11 



1/(^)1 



D'~f{tr]{x)) ■ ri{x) dt 



< p7lliv,ohll/,o; 



here we used that the line segment from to ri{x) is contained in V. Hence we get the 
estimate 

||7o^ll/,o < ||7l|iv,i||^ll/,o < 00. 

To check the continuity of lq o (7^, let 7,70 G BC''~^^{V, Z)o, r],r]o G C^^{U, V) such that 
\\V -^7011117,0 < dist{r]o{U) , dV) , / G W and x eU. Then 

||(7or^)(a;) - (70 o ^o)(a;)|| 
= \fix)\ ||7(^(a;)) - liVoix)) + l{r]o{x)) - 70(770 (x)) || 
<|/(x)| ||7(r/(x)) -7(r]o(x))|| + |/(x)| ||(7 - 7o)(r^o(x))|| 



-\fi^)\ 



D-f(tr]{x) + (1 - t)r]o{x)) ■ {ri{x) - r]o{x)) dt 
+ 1/(^)1 ll(7-7o)(r/o(a:))- (7 -7o)(0)|| 



^(7 - io){tm{x)) ■ mix) dt 



<\fix)\\\D^\\,,^Mx)-Voix)\\ + \fix)\ 
<\fix)\ p7l|iv,olh(x) - Vo{x)\\ + \f{x)\ ||D(7 - 7o)||i.,o|ho(x)||. 
Therefore the estimate 

II7 o ^ - 7o o '7o||/,o < Iblliv.ih - '7o||/,o + II7 - 7o||iv,ill'7o||/,o 

holds, from which the continuity of Lq o gg. in (70, ''70) is easily concluded. 

For A; > 0, 7 G SC'=+^(V, Z)o and r] G C^'^iU, V) we apply the chain rule to get 



{D o ^fc)(7, T]) = D{-i or]) = (D7 or]) -07] = glc,h(Y,z)i.Di, r]) ' Dr]; 
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here we used that r] E BC^{U,V) because lu is in W. Since Dr] e ^(f/, L(X, F)) 
and ^ec,L{y,z)P7'^) ^ 13C''~\U,L{Y, Z)) hold, fsee ILemma "OlSj) . {D o gk)i-f,v) is in 
C!^^{U,Ij(Y, Z)) (see Corollary 3.3.6 ). Using that D, ■ and g^cL{YZ) continuous 
Proposition 3.2.3 Corollary 3.3.6 and ILemma 3 .3 .81 respectively), we deduce the 



see 



continuity ol D o g^. from 

k = oo: From the assertions already established, we derive the commutative diagram 



BC°°iV,Z)oxC^^iU,V) 



9oo 



>ci°°(f/,z) 



i3C"+i(V,Z)oxCi"(f/,V) 



-^C^"(f/,Z) 



for each n eN, where the vertical arrows represent the inclusion maps. With Corollary 3.2.6 
we easily deduce the continuity of g^o from the one of □ 

Proposition 3.3.12. Let X , Y and Z be normed spaces, f/ C X and V Y open 
subsets such that V is star-shaped with center 0, k E N, i E N* and W C M with 
1(7 G W. Then the map 

^7^+1+1 : BC'^'^\V, Z)o X C^'iU, V) ^ C^iU, Z) : (7, r/) 7 o 

whose existence was stated in \Lemma 3. 3.1 H is a C^-map with 

dgw^z\lo, Vo; 7, V) = 9w!z^\l, Vo) + d'scW^zp^lo. Vo) ■ V- 



(3.3.12.1) 



Proof. For k < 00, the proof is by induction on i which we may assume finite because the 
inclusion maps BC^{V, Z)q — > BC^'^^'^^{V, Z)o are continuous linear (and hence smooth). 



^ = 1: Le t 70 ,7 £ BC'+'+'{ V, Z)o, 7]o E C^''{U,V) and r] E C^{U,Y). From 
ILemma 3.3.91 and ILemma 3.2.131 we conclude that for t G IK with \t\ < ° ^'^^^i^ , 
the integral 

/•I 

{Djo o (?7o + str])) ■r]ds 



exists in C^{U, Z). Using equation (3.3.9.1) we derive 
9w!z^\lo + tj, Vo + tr]) - g^i+\jo, Vo) 



9^z^\l,Vo + tv) 



+ 



I 9BiMy,z) (^^70, Vo + str]) -^ds. 

J 



We use Proposition A. 1.8 and the continuity of (7^^^^, 9q(j^yz) ^^'^ ' ILemma 3.3.11t 
ILemma 3.3.81 and Corollary 3.3.7 ) to see that the right hand side of this equation con- 
verges to 

9U,z^\l, Vo) + 9icMY,z)iDlo, Vo) ■ V 
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in Cy^{U, Z) as t — > 0. Hence the g^^^^ is differentiable and its differential is given by 
f l3.3.12.1]) and thus continuous. 

i-1 ^ i: The map c/^^+^ is if dg'^+f^^ is C^-\ The latter follows easily from 
fl3.3.12.ip . since the inductive hypothesis respective Proposition 3.3.10 ensure that g^^^^ 
and ^7^+5 



"'^^•^L(yz) ^' ^^'^ ' ^^"^ ^'^^ smooth 



If k = oo, then in view of Corollary 3.2.6 and Proposition A. 2. 3 g^ ^ is smooth as a 
map to C^{U, Z) iff it is smooth as a map to Cy^{U, Z) for each j G N. This is satisfied 
by the case k = j, i = oo. □ 



3.3.4. Composition of weighted functions with an analytic map 



We discuss a sufficient criterion for an analytic map to operate on C^^{U,V) through 
(covariant) composition. First, we state a result about covariant composition of a map 



that is a direct consequence of Proposition 3.3.12 After that, we have to treat the real 
and the complex analytic case seperately. While the complex case is straightforward, in 
the real case we have to deal with complexifications. 

Lemma 3.3.13. Let X, Y and Z he normed spaces, f/ C X and V Y open subsets 
such that V is star-shaped with center 0, /c G N, £ G N* and W C M with lu G W. 
Suppose further that ^ : V ^ Z is a map that satisfies 

W open in V, bounded and star-shaped with center 0, dist{W,dV) > 

=^ <l>\w e BC^+^+\W,Z\. 

Then $ o 7 g Cy^{U, Z) for all 7 G C^{U, V), and the map 

Cy(f/,\/)^C^(f/,Z):7^$o7 

IS C^. 

Proof. We define for r > 

Mr := [0, !]■ (^{yeV : dist(?/, dV) > r} n 5i (0)) . 

It is obvious that Mr is open, bounded and star-shaped with center 0. Further we see 
using that V is star-shaped with center and Mr is bounded that dist{Mr,dV) > 0. 



Hence we know from [Proposition 3.3. 12| that 

C^\U, Mr) ^ CUU, : 7 ^ $ o 7 
is defined and C since $ G BC^'^^-^\Mr,Z)o by our assumption. But 

C^'{U,V) = \JC^'{U,Mr), 



r>0 



and 1[7 G W implies that each C^{U, Mr) is open in C'^{U, V), hence the assertion is 
proved. □ 



d,ki 
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Lemma 3.3.14. Let Y and Z be complex normed spaces, V ^ Y an open nonempty 
subset and ^ : V ^ Z a complex analytic map that satisfies the following condition: 

W CV, W open m V, dist{W,dV) > ^ ^\^, e BC\W,Z). (3.3.14.1) 

Then ^ BC^{W, Z) for all open subsets W CV with dist(Vr, dV)>0. 

Proof. Let W V he an open subset of V such that there exists an r > with 
2r < dist{W,dV). Then for each x & W and h ^Y with \\h\\ < 1 we get an analytic 
map 

: Bc{0, 2r)^Z:z^^x + zh), 

by restricting $, see ITheorem A. 2. 14] By applying the Cauchy estimates (stated in 
Corollary A. 2. 17) to this map, for each A; G N we get the estimate 



*S(0)ll < 



i$i 



y+Sy(0,r)||oo- 



From [Lemma A. 2. 161 and the chain rule we know that $[f^^(0) = D'^^'>^{x){h, . . . , /i), so 
we conclude with the Polarization Formula (Proposition A. 2. 11) that 



V+By(0,r)||oo; 



and from this the assertion follows immediately since ||$|v+By(o,r)||oo < C)0 by Condition (3.3.14.1) 



□ 



Real analytic maps The two previous lemmas would allow us to state the desired 
result concerning covariant composition, but only for complex analytic maps. There are 
examples of real analytic maps for which the assertion of ILemma 3.3.141 is wrong. We 
define a class of real analytic maps that is suited to our need. 

Lemma 3.3.15. Let X and Y be real normed spaces, U X an open nonempty set, 
k eN and W C R . Further let l : Y ^ Yq denote the canonical inclusion into Yq. 

(a) Then C^{U,Yc) is the complexification of C^{U,Y) , and the canonical inclusion 
map is given by 

C!^{U,Y)^C^{U,Yc) -.^^to^. 

(b) Let V Y be an open nonempty set and V Yq an open neighborhood of l{V) 
such that 

(VM C V) dist(M, Y\V)>0 =^ dist(t(M), Ic \ ^^) > 0. (3.3.15.1) 

Then 

ioC^\U,V)CC^\U,V). 
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Proof, (a) It is a well known fact that Yc = Y x Y and L{y) = {y, 0) for each y E Y. 
Hence 

C^U, Yc) = C(f/, YxY) = Y) X C^{U, Y) 

by ILemma 3.4.181 (and Proposition 3.3.3| ), and 

, o 7 = (7, 0) G C^(f/, Y) X C^(f/, Y) = C^(f/, Fc) 

for7eC^(f/,y). 



(b) This is an immediate consequence of (a) and Condition (3.3.15.1) □ 



Definition 3.3.16. Let Y and Z be real normed spaces, C y an open nonempty set, 
^ : V Z a real analytic map. We say that $ has a good complexificationif there exists 
a complexification ^ : V Yc ^ Zc oi ^ which satisfies Condition (3.3.14.1) and whose 



domain satisfies Condition (3.3.15.1) In this case, we call $ a good complexification. 

The following lemma states that good complexifications always exist at least locally. 
It is not needed in the further discussion about covariant composition. 

Lemma 3.3.17. Let Y and Z be real normed spaces, V (^Y an open nonempty set and 
^ : V ^ Z a real analytic map. Then for each x E V there exists an open neighborhood 
Wx ^Y of X such that has a good complexification. 

Proof. Let $ : C Yc — )■ Zc be a complexification of $ and l : V V the canonical 
inclusion. Then there exists an r > such that i?yj,(6(x), r) C V and $ is bounded on 
-Byj,(i(x), r). Then it is obvious that Wx := 6~^(i?yj,(i(a;), r)) = BY{x,r) has the stated 
property. □ 

Finally, we are able to state the desired result for complex analytic maps and real 
analytic maps with good complexifications. 

Proposition 3.3.18. Let X , Y and Z be normed spaces, U O X and V Y open 
nonempty sets such that V is star-shaped with center 0, /c G N and W C R with 
1(7 G W. Further, let ^ : V ^ Z with $(0) = be either a complex analytic map that 
satisfies Condition (3.3. 1 4. i) or a real analytic map that has a good complexification. 
Then for each 7 G Cy^ {U, V) 

$o7GC^(f/,Z), 

and the map 

: C^\U,V) ^ CUU,Z) : 7 ^ $ 07 

is analytic. 

Proof. If $ is complex analytic, this is an immediate consequence of ILemma 3.3.131 and 
ILemma 3.3.141 

If $ is real analytic, by our assumptions there exists a good complexification $ : C 
Yc — !■ Z. We know from the first part that $ induces a complex analytic map 

: C^\U, V) ^ C^{U, Zc) : 7 ^ $ o 7- 

Since C^^{U, V) C C^^{U, V) by ILemma 3.3.151 and coincides with the restriction of 
to C^{U, V), it follows that is real analytic. □ 
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Power series We present a class of analytic maps which have good complexifications: 
Absolutely convergent power series in Banach algebras. 

Lemma 3.3.19. Let A be a Banach algebra and Yl'e^o^i^^ ^ power series with G K 
and the radius of convergence R g]0, oo[. We define for x & A 



: Ba{x, R) ^ A:y ae{y 



X) 



£=0 



Then the following assertions hold: 
(a) The map is analytic. 



(b) // K = C then P^ satisfies {Condition (3.3.14.1) 

(c) // K = R then P^ has a good complexification. 

Proof. The map P^ is defined since YlTLo'^tiv ~ absolutely convergent on Br{x) 

and A is complete. 

(a) This is a special case of |Bou67t §3.2.9]. 

(b) If V C Ba{x,R) is open and dist{V,d Ba{x, R)) > 0, there exists an r G M with 
< r < i? such that V C Ba{x, r) holds. So we compute for y & V that 



— X] 



£=0 



< \\y - < X^kd^^ < oo. 



(c) It is well known that the complexification of a Banach algebra is a Banach algebra 
as well, and a complexification of P^^ is given by 



P^ : Bac{x,R) A: y ai{y 
This gives the assertion. 



— X] 



£=0 



□ 



Quasi-inversion algebras of weighted functions Provided that If/ G W, we show 
that for each Banach algebra A, the space C^{U,A) can be turned into a topological 
algebra with continuous quasi-inversion. 

Proposition 3.3.20. Let A be a Banach algebra, X a normed space, U X an open 
nonempty subset. A; G N and W C M with Ijj G W. Then the locally convex space 
C!^{U,A) endowed with the multiplication described in Corollary 3.3.5\ becomes a com- 



plete topological algebra with continuous quasi-inversion in the sense of Definition D.2.1 
For each 7 G C^iU^Af 

and 

([7,5^(0,1)) = {7 G C^(t/, A) : ||7||i„o < 1} C C^^U^Af. 



28 



3. Weighted function spaces 



Proof. The relation QIc!^{u,A){l) = QIa°1 is an immediate consequence of the definition 
of the multiplication, so it only remains to show that C^{U,AY is open and QIc^(UA) 
is continuous. We proved in ILemma D.2.41 that it suffices to find a neighborhood of 
that consists of quasi- invert ible elements such that the restriction of QIc^(u,A) to it is 
continuous. We show that C^''{U, Ba{0, 1)) is such a neighborhood. The map 

oo 

G : 5i(0) ^A:x^ 

i=l 

is given by a power series and maps to 0, hence we know from ILemma 3.3.191 and 



Proposition 3.3. 18] that the map 

5^(0, 1)) ^ C^{U, A) : 7 ^ G o 7 

is defined and analytic. Since 

oo 

for each 7 G C^^{U, Ba{0, 1)), we conclude from ILemma D. 275) that 7 is quasi-invertible 
with 

Q^C^(l/,A)(7) = -G07, 
so the proof is complete. □ 

Example 3.3.21. Let F be a Banach space, f/ C X an open nonempty subset. A; G N 
and W C R with lu G W. Then the locally convex space C^(f/,L(y)) endowed with 



the multiplication described in [Corollary 3.3.6| becomes a complete topological algebra 
with continuous quasi- inversion. 

3.4. Weighted maps into locally convex spaces 

We define weighted functions with values in arbitrary locally convex spaces, and prove 
various results concerning these. The material of this section is only needed for latter 
discussi ons of weighted mapping groups with values in non-Banach Lie groups (in sec- 
tion 6.3 and lsection 6.4p : readers primarily interested in difi'eomorphism groups can skip 
this section. 

Definition 3.4.1. Let X be a normed space, [/ C X an open nonempty set, Y a locally 
convex space. A; G N and W C M . We define 

C^U, Y) := {7 G C\U, Y) : (Wp G Af{Y)) tt^ o 7 G C^U, Y^)}, 

using notation as in IDefinition A. 2. 191 For p G ^f{Y), / G W and £ G N with i < k, 

\\-\\pj,e ■ CwiU,Y) : 7 Ikp0 7||^^^ 

is a seminorm on Cy^{U,Y). We endow Cy^{U,Y) with the locally convex vector space 
topology that is generated by these seminorms. 
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Lemma 3.4.2. Let X be a normed space, U X an open nonempty set, Y a locally 
convex space, k e N, W C R andV C M(Y) a set that generates M(Y). Then for 
7 G C\U,Y) 

7GC^(f/,F) ^ (VpGP)7rp07GC^(f/,yp), 

and the map 

C^v(^, ^) -> n Yp)--!^ {^p ° l)pev (t) 

is a topological embedding. 

Proof. Let q G M{Y). Then there exist pi, . . . G P and C > such that 

q < C ■ max pj. 

i=l,...,n 

Further we know that for each £ G N with i < k and x & U, hi, . . . ,he ^ X 

7)(a;; /ii, . . . , /i^) = (vrg o (i(^^7)(x, hi,..., hi), 

so for ?/ G f/ we get 

||rf(^)(7rg o 7)(x; /ii, . . . , hi) - d^^\TTg o 7)(?/; hi,..., hi)\\q 

<\\d^'h{x; hi,...,hi)-d^'h{y;hi,...,hi)\\, 

<C ■ max \\d^^'^-f{x;hi,. . . ,hi) - S^'>-f{y; hi, . . . , hi)\\p^. 



Since we assumed that VTp . o 7 G J^C^{U, Y.p-), we conclude with Proposition A. 4. 2 that 
TTy o 7 G TC^{U, Yq), and it is obvious that 



pW(7r,o7)(x)||,p<C- max WD^'X^k^^ o ^){x)\\op 

i=l,...,n 

for all £ G N with £ < k and x G f/. This implies that 

hllg,/,^ < C"- max hllp,,// 

4=1,. ..,n 

for each / G W and £ G N with i < k. Hence 

and IHIg,// is continuous with respect to the initial topology induced by IQ. Since q was 
arbitrary, the proof is complete. □ 
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Topology on linear operators 

Definition 3.4.3 (Topology on linear operators). Let X be a normed space and Y a 
locally convex space. For each p e J^{Y) and T e L(X, Y), we set 

\\Tx\L „ 
||r||op,p := sup .. .| = llTTp O T\\op. 
x+Q iFll 

This obviously defines a seminorm on L(X, y), and henceforth we endow L(X, y) with 
the locally convex topology that is generated by these seminorms. Further we define 
L(X,y)^,, L(X,y)||.||_. 

Lemma 3.4.4. Let X be a normed space, Y a locally convex space andp e J\f{Y). Then 
the map induced by 

(TTp), : L{X, Y) L{X, Yp):T^7rpoT 

that makes 

{L{X, Y), ||.||,,,,) > L{X, Yp) 




a commutative diagram is an isometric isomorphism onto the image of (vrp)*. The map 

L(X,y)^ J] h{X,Yp):T^{T:poT)p^M^Y) 
peM{Y) 

is a topological embedding. 

Proof. Since ||T||op^p = ||7rpoT||op for each T e L{X, Y), the induced map is an isometry. 
By the definition of the topology of L(X, Y), 

L{X, Y)^ L{X, Y)op,p : T i-)- {iiop^p o r)pg^(y) 

peM{Y) 

is an embedding, so by the transitivity of initial topologies, the proof is finished. □ 

Lemma 3.4.5. Let X be a normed space, Y a locally convex space, U C. X an open 
nonempty subset and k eN. Then for F e C''{U, L{X, Y)), i eN with i <k and / G 

l|r||||.||„,.„//= ll(7rp)*or||;,,. (3.4.5.1) 
Further for W C and /c e N the equivalence 

Fecyc/,L(x,y)) ^ (VpeA^(y))(7rp),oFeC^(c/,L(x,yp)) 

holds, and the map 

C^v(t/,L(X,y))^ II C!^{UMX,Yp)):T^{{7ip)^oT)p^T, 

is a topological embedding. 
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Proof. Note first that iTop^poT is J-'C'' iff (vTp)* oF is J-'C^ as a consequence of ILemma 3.4.41 



and Proposition A. 4.2 Using [Lemma 3.4.41 it is easy to see that identity (3.4.5. T 
satisfied. This imphes that for each p G J^{Y) the equivalence 



IS 



holds and that the isometry whose existence was stated in ILemma 3.4.41 induces an 
embedding 

CUU, L(X, Y)op,p) ^ C^U, L(X, ¥,)). 
Further we proved in ILemma 3.4.21 that 

C^U, L(X, Y)) ^ J] CUU, L(X, Y)op,p) : T ^ o r)peP 



is an embedding, so we are home. 



□ 



Proposition 3.4.6 (Reduction to lower order). Let X be a normed space, Y a locally 
convex space, U X an open nonempty set, W C R and A; G N. Let 7 G C^{U,Y). 
Then 

jeC^\u,Y) ^ (D7,7)eC^(t/,L(x,r))xC(t/,r). 

Furthermore, the map 

C^\U,Y) -> CUUMX,Y)) X C(f/,r) : 7 ^ (/^7,7) 
zs a topological embedding. 



Proof. The definition of C^\U, Y) , [Proposition 31213] and [L emma 3.4.51 give the equiv- 
alences 

^eC^\U,Y) ^ {\/peAf{Y))np0^eC^\U,Y,) 

^ (Vp G MiY)) (Din, o 7), o 7) G C^v(f/, L(X, Y,)) x C°v(f/, >;) 
^ (D7,7)eC^(f/,L(X,r))xC°,(t/,F). 

Furthermore, we have the commutative diagram 

c:^+i(t/,r) >c*v(t/,L(x,F)) xC(f/,r) 



n 



peAf{Y) 



U,eJ^iY) CwiU, L(X, r,)) X C'^iU, Y,) 



and since the maps represented by the three lower arrows are embeddings, so is the map 
at the top. □ 
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An integrability criterion We generalize the assertion of ILemma 3.2.131 

Lemma 3.4.7. Let X be a normed space, U ^ X a nonempty open set, Y a locally 
convex space, /c G N, W C R such that for each compact set K (1 U, there exists an 
/x G W with infa;gi^|/i^(x)| > 0. Further, let T : [a,b] — )■ Cy^{U,Y) a continuous curve 
and R G C^{U, Y). Assume that 

b 

6^iT{s))ds = 6.,iR) (*) 
holds for all x G f/. Then T is weakly integrable with 

T{s) ds = R. 

Proof. We derive from ILemma 3.4!2l that the dual space of C^{U, Y) coincides with the 
set of functionals {A o jip^ : p G Af{Y),X G C^{U,Yp)'}. Hence F is weakly integrable 
with the integral R iff 



/ A(7rp o r)(s) ds = X{TCp o R) 

J a 



holds for all p G J^{Y) and A G C^{U,Yp)'] this is clearly equivalent to the weak 
integrability of vTp o F with integral UpoR for all p G M{Y). But we derive this assertion 



from equation (*) and lLemma 3.2.131 □ 



3.4.1. Weighted decreasing maps 

We give another definition for weighted maps that decay at infinity. We do this for 
domains in a finite-dimensional space. 

Definition 3.4.8. Let F be a normed space, U an open nonempty subset of the finite- 
dimensional space X and W C M . We define for A; G N 

C^(f/, Y)' ■= {7 G C^(f/, F) : (V/ G W, f G N, £ < k) 

(Ve: > Q){^K C U compact) || 7 |;7\a- II// < 

For a locally convex space Y we set 

C^(f/, YY := {7 G C(f/, Y) : (Vp G M{Y)) TTp o 7 G ^(t/, Yp)'}. 
For a subset C y, we define 

C^(f/, Vy := {7 e C^U, Y)' : ^{U) C V} 



As in ILemma 3.1.61 we can prove that C^{U, Y)' is closed in C^{U, Y). 
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Lemma 3.4.9. Let Y be a locally convex space, U an open nonempty subset of the finite- 
dimensional space X,W CR andkeN. Then C^{U, Y)' is a closed vector subspace 
ofC^iU,Y). 



Proof. It is obvious from the definition of Cyy{U,Yy that it is a vector subspace. It 
remains to show that it is closed. To this end, let (7j)iG/ be a net in Cyy{U,Y)' that 
converges to 7 G C^(f/, Y) in the topology of C^([/, Y). Let p E AfiY), / 6 W, £ G N 
with i < k and e > 0. Then there exists an e / such that 

• ^ • II II ^ 

Further there exists a compact set K such that 

e 

\niAu\K\\pj,e < 2" 

Hence 

||7|i/\x||p,/,^ < Il7|(7\-a: " liJu\K\\pj,i + ||7iji/\ft:||p,/,^ < £, 
so7GC^(f/,r)V □ 

Lemma 3.4.10. Let X be a finite- dimensional space, Y a locally convex space, f/ C X 
an open nonempty set, W C M , k E N and 7 G C^{U, Y). Then 

7GC^+^(f/,F)- ^ (D7,7)GC^(t/,L(X,F))-xC(t/,r)-, 

and the map 

C!;+\U,Y)' ^ CUUMX,Y))' X : 7 ^ p7,7) 

is a topological embedding. 



Proof. It is a consequence of |identity (3.2.2.2)| in lLemma 3.2.2] that for each p G A/'(F) 
7rp07GC^+i(f/,Fp)- ^ (D(7rpO7),7rpO7)GC^(?7,L(X,Fp))-xC0;(f/,i;)V 



Further it is a consequence of identity (3.4.5.1) in lLemma 3.4.51 that 

DjeCUuMX,Y)y ^ (yp eAf{Y))D{npOj) eCUuMX,Yp)y, 

so the equivalence is proved. The assertion on the embedding is a consequence of 



Proposition 3.4.6 and ILemma 3.4.91 So the proof is finished. □ 



Lemma 3.4.11. Let U be an open nonempty subset of the finite- dimensional space X, 
Y a locally convex space. A; G N, W C M with lu G W, and 7 G C^{U, F)*. Then 



7(f/) U {0} 

is compact. 
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Proof. Since lu € W, 7 G C|^^|(?7, y)*. By the definition of tliis space, 7 can be 
extended to a continuous map 7 from the Alexandroff compactification of f/ to F by 
setting 7(00) := 0. But then 

7(f/U{oo}) =7(f/) U{0} 
is compact. □ 

Lemma 3.4.12. Let U he an open nonempty subset of the finite- dimensional space X , 
V an open nonempty zero neighborhood of the normed space F , W C R with If/ G W, 
and keN. Then C!^{U, V)' C C^\U, V). 

Proof. This is an immediate consequence of ILemma 3.4.111 □ 
Lemma 3.4.13. Let Z be a locally convex space and K ^ Z a compact set. 

(a) The set [0, 1] ■ K is compact and star-shaped with center 0. 

(b) Let K be star-shaped and V an open neighborhood of K. Then there exists an open 
star-shaped set W such that K ^ W V . 

Proof, (a) [0, 1] ■ is compact since it is the image of a compact set under a continuous 
map. 

(b) The set K x {0} is compact, hence using the continuity of the addition and the 
Wallace lemma, we find an open 0-neighborhood U such that K -\- U ^ V. We may 
assume w.l.o.g. that U is absolutely convex. Then K -\- U is open, star-shaped and 
contained in V. □ 

3.4.2. Multilinear superposition 

Definition 3.4.14. Let X be a normed space, Yi, . . . , and Z locally convex spaces 
and 6 : Yi X ■ ■ ■ X Y^ — )■ Z a continuous m-linear map. For each i G {1, . . . ,"02}, we 
define the m-linear continuous map 

6« iFi X ■ ■ ■ X X L(X, Yi) X Fi+i X • ■ ■ X ^ L(X, Z) 

■iVi, ■ ■ . ,2/i-i,T,yi+i, ...,ym)^{h^ b{yi, . . .,yi_i,T- h,yi+i, . . .,ym))- 

Lemma 3.4.15. Let Yi, . . . , Y^ and Z be locally convex spaces, U be an open nonempty 
subset of the normed space X and /c G N. Further let b : Yi x ■ ■ ■ x Y„i Z be a 
continuous m-linear map and 71 G C^{U, Yi), . . . , 7^ G C^{U, Y^). Then 

&o(7i,...,7j GC'=(f/,Z) 

with 

m 

D(6o (7i,...,7„)) = o (7i,...,7i_i,Z}7i,7i+i,...,7^). (3.4.15.1) 

1=1 



35 



3. Weighted function spaces 
Proof. To calculate the derivative of 6 o (7^, . . . , 7^), we apply the chain rule and get 

m 

c/(6 o (71, . . . , 7m))(x; h) = Y^ b{li{x), . . . , 7i_i(a;), d%{x; /i), 7i+i(x), . . . , 7^(x)) 

i=l 
m 

= ^ 6^(71 (x), . . . ,7i_i(a;),L'7i(x),7i+i(a;), . . . ,7^(3;)) ■ h. 



i=l 



This implies (i:i4.15.ip . □ 

Proposition 3.4.16. Let U he an open nonempty subset of the normed space X. Let 
Yi, . . . , Ym he locally convex spaces, G N and W, Wi, . . . , Wm ^ M seis swc/i that 

Further let Z he another locally convex space and 6 : Yi x ■ ■ ■ x Ym Z a continuous 
m-linear map. Then 

bo{^,,...,^m)eC^{U,Z) 
for all 71 G C^^ {U, Fi), . . . , 7m e C^^ {U, Ym) . The map 

K : C^, iU, Fi) X • ■ ■ X C^v„ {U, Ym) C^U, Z) : (71, . . . , 7^) ^ 6 o (71, . . . , 7^) 

is m-linear and continuous. 

Proof. Let p be a continuous seminorm on Z. Then there exist qi G A/'(Yi), . . . ,qm G 
A/'(ym) such that 

||&(yi, • • ■,ym)\\p < \\yi\\qi ■ ■ ■ \\ym\\gm- 

Hence there exists an m-linear map b making the diagram 

Fi X ■ ■ ■ X F„ > Z 



Fl,gi X ■ ■ • X Ym^q^ > Zp 



b 

commutative. For 71 G Cyy^ (f/, Yi ),..., 7^ G Cyy^ (f/, Fm) we know from Proposition 3.3.3 
that 

b O (tT,, O 7i, . . . , TTq^ O 7^) G C^{U, Zp) 

and the map 6* is continuous. Since 

O (vTg^ X ■ ■ ■ X TT,^) = TTp O 6^ 

and the left hand side is continuous, we conclude using ILemma 3.4.21 that b^, is well- 
defined and continuous. □ 
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Corollary 3.4.17. Let Yi, . . . ,Ym be locally convex spaces, U be an open nonempty 
subset of the finite- dimensional space X , k & N and W, Wi, . . . , Wm C M such that 

(V/ G G Wi, . . .,gf,m e >V„) I/I < |^?/,i| ■ ■ ■ \gf,^\. 

Further let Z be another locally convex space, b : YiX- ■ ■ xY^ —^Za continuous m-linear 
map, and j G {1, . . . , m}. Then 

for all 7i G C^^{U, Yj) (i ^ j) and 7^ G C^^,(t/, Yj)* . The map 

c^^ (?7, Fi) X ■ ■ ■ X c^^, (f/, r,)- X ■ ■ ■ X c^^ (f/, r„) ^ c^(u, zy 

:(7i, . . . , 7j, . . . , 7^) ^ 6 o (71, . . . , 7j., . . . , 7^) 
zs m-linear and continuous. 



Proof. By Proposition 3.4.16 we only have to prove the first part. This is done by 
induction on k. 

k = 0: Let p G Af{Z). Then there exist qi G A/'(Yi), . . . , e A/'(Fm) such that 

\\b{yi, . . .,y„,)\\p < \\yi\\q^ ■ ■ ■ \\yrn\\q^- 

Hence for / G W, x G f/ and 71 G (f/, Fi), . . . , 7, G (f^, Yj)', • • • , 7™ e (f/, F^) 
we compute 

|/(x)| ||6o (7i,...,7j-,...,7„)(a;)||p 

i=l / 

From this estimate we easily deduce that b o (7^^, . . . , 7^, . . . , 7^) G Cyy, (f/, Z)*. 

— >■ + 1: From [Lemma 3.4.101 (together with the induction base) we know that for 
71 G Y,),...,^,e C^^iU, Y,y, . . . , 7m e C^„i(t/, YJ 

60(71, . . . , 7,, . . . , 7^) G ^^(f/, Z)- ^ 1^(60(71, . . . , 7i, . . . , 7m)) e CUU, L(X, Z))V 
We know from (I3.4.15.ip in ILemma 3.4.151 that 

m 

D{b o (71, . . . , 7j, . . . , 7^)) = feW o (^1, . . . , 7j, . . . , 7i_i, L)7i, 7^+1, . . . , 7^) 

i=l 

+ b^^^ o (71, . . . , 7j_i, D-fj, 7j+i, . . . , 7m). 

Noticing that 7^- G C^_^. (f/, Y^)' and D7j G C-^^ (f/, L(X, l^))*, we can apply the in- 
ductive hypothesis to all fo'-*-' and the C^-maps 71,..., 7^ and D'ji, . . . , D'jrn- Hence 
Dib o (71, . . . , 7„ . . . , 7m)) G a^iU, L(X, Z))V □ 
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Lemma 3.4.18. Let X be a normed space, U X an open nonempty set, {Yi)i(=i a 
family of locally convex spaces. A; G N and W C M . Then for each 7 G C!^{U, Yiiei ^) 
and j & I 

and the map 

CUU, n F.) ^ n ^^^^^ Yi)-!^ ° 7)ie/ (t) 



is an isomorphism of locally convex topological vector spaces. 
The same statement holds for C!^{U, Hie/ ^j)'-' 



is an isomorphism of locally convex topological vector spaces. 



Proof. We proved in Proposition 3.4.16 that for 7 G C^{U, Ili^i Yi) and j G /, VTj o 7 G 
C!^{U,Yj) and the map ([f]) is hnear and continuous. Since a function to a product is 
determined by its components, the map ([f]) is also injective. What remains to be shown 
is the surjectivity, and the continuity of the inverse mapping. To this end, we notice 
that for each j G / and p G Af{Yj), the map 

Pj,p: nYi^R: ^ \\yj\\p 

is a continuous seminorm, and the set {Pj^p : j E I,p E M(Yj)} generates J\f{lIieiYi). 
Now, for each i G / let 7^ G C^{U, Yj). We define the map 



7 



■.U ^YlYi-.x^ (7i(x))ie/. 



Then 7 is a C^-map, and Pj,pO'y = P°'Jj- We see with Proposition A. 4. 2 that this implies 
that TTp^. p o 7 is an J^C'^-map, and for each / G W and £ G N with i < k we derive the 
identity 

We proved in lLemma 3.4.2l that this identity implies that 7 G C^{U, Ilje/ ^i)- Further it 
also proves that the inverse map of ([f]) is continuous using that it is linear. 

The assertions about dtfj ) follow from Corollary 3.4.17 and the assertions proved above 
about □ 



3.4.3. Covariant composition on weighted decreasing maps 

Lemma 3.4.19. Let U he an open nonempty subset of the finite- dimensional space X, 
Y a normed space, V (^Y an open zero neighborhood. A; G N and W C R with lu G W. 
Then C^{U, V)' is open m C^{U, Y)' . 
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Proof. We proved in ILemma 3.4l2] that C^{U,Vy C C^''{U,V). Hence C^{U,Vy 



C^\U, V) n C!^{U, YY is open in C>^{U, Y)'. 



□ 



Lemma 3.4.20. Let U he an open nonempty subset of the finite- dimensional space X , Y 
and Z normed spaces, V '^Y open and star-shaped with center 0, fc, £ G N and W C M 
with lu G W. Further let G BC^+^+\V, Z) with 0(0) = 0. Then 



and 



<poc^{u,vy cc^{u,zy, 



is a C^-map. 

Proof. We proved in ILemma 3.4.12l that C^{U,Vy C C^{U,V). Hence we can apply 



Proposition 3.3.12 to see that 



and the map 

C^(f/,y)-^C^(t/,Z): 7^007 

is C^; here we used that C^{U, Vy = C^\U, V)r]C!^{U, Yy. Because C^{U, F)' is closed 
in C!^{U, Y) by ILemma 3.4. 9| it only remains to show that for each 7 G C!^{U, Vy, we 
have o 7 G C^{U, Zy. This is done by induction on k: 
k = 0: Let / G W and a; G U. Then 



|/(x)|||0(7(x))|| = |/(x)|||0(7(x)) -0(0)11 



1/(^)1 



D0(t7(x)) ■ 7(x) dt 



< \m\u^\f{x)\Mx) 



here we used that the line segment from to 7(x) is contained in V. From this estimate 
we conclude that o 7 g C^{U, Zy. 
/c — )■ /c + 1: By the chain rule 

L)(0o7) = (D0O7) ■ D7. 

Now L)0o7 G i3C^+i([/,L(F,Z)) because of ILemma 33181 since 7 G BC''+\U,V). 
Further D'-f G Cy^{U,L{X,Y)y , so we conclude using Corollary 3.4.17 that {D(f) o 7) ■ 
-D7 G Cy^;(f/, L(X, Z))*. By ILemma 3.4.1^ the case k -\- 1 follows from the inductive 
hypothesis. □ 

Lemma 3.4.21. Let X, Y and Z he normed spaces, U X and V Y open suhsets 
such that V is star-shaped with center 0, G N, m G N*, G i3C''+™+^(V, Z)o and 
W CW^ with 1,7 G W. Then the map 

0, : C^'=(f/, V^) ^ C^(f/, Z) : 7 ^ o 7 
which makes sense hy \Lemma 3.3.li\ is a C"^-map with 

c?^^V*(7; 7i, • • • , 7i) = d^^^<P ° (7, 7i, • • • , It) 

for all £ < m. 



39 



3. Weighted function spaces 



Proof. It was proved in Proposition 3.3.12 that is a C™-map, hence we only have to 
prove the identity for the differentials. To this end, let x E U. Using the identity 



5. 



Y 



(with self-explanatory notation for point evaluations), we calculate 



(5f o rfW0,)(7; 71, ■ ■ ■ , li) = d^'\5' ° 0*)(7; 71, ■ ■ ■ , id = d^'\<P ° C)(7; 7i, • • • , le) 

= o i6^Y^') (7, 71, ... , li) = 5f o (7, 71, ... , 7i) ; 

here we used ILemma A. 2. 71 and ILemma A. 2. 81 □ 



Proposition 3.4.22. Let U be an open nonempty subset of the finite- dimensional space 
X, Y and Z locally convex spaces, V open and star-shaped with center 0, /c, m G N 
and W C 1^ with lu G W. Let (p G C'=+'"+2(y, Z) with (/)(0) = 0. Then for 7 G 

0o7GC(f/,Z)- 

holds, and the map 

0, : C^U, Vy ^ C^(f/, Z)' : 7 ^ o 7 

is with 

ci^^V*(7;7i, . . . ,7^) = (i^^Vo (7,71, ... ,7^) 

/or all i < m. 

Proof Let 7 G C^(f/, V)V Bv ILemma 3XTT] and iLemma 3.4.131 the set 

K := [0, 1] . iW) U {0}) 

is compact and star-shaped. Hence by ILemma A.4.4| for each p G MiZ^ there exists 
a g G MiJ) and an open W ^ K w.r.t. q such that G i3C''+'"+^(Wg, Zp). In 
view of ILemma 3.4. 13t we may assume that W (and hence W^^ is star-shaped. We 
know from ILemma 3.4. 19] that C!^{U, Wg)* is a neighborhood of tt^ o 7 in C^{U, YgY. In 
ILemma 3.4.201 we stated that 

0. : CUU, Wg)' ^ C^([/, Zp)' : 7 o 7 

is C™. The diagram 



■CUU,Wg 



Cy^{U, Zp) 
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is commutative. This implies that {7TpO(j))^ is on Cy^{U, W)' since it is the composition 
of 0^, and the smooth map vr^^, (see Corollary 3.4.17). By lLemma A.2.8] and lLemma 3.4.2n 



we can calculate its higher derivatives: 

S^'> (vTp o 0), \ck^^u,w)- (7; 71, • • • , 7^) = d''^^ (0 o TTg), \c^(u,w)' (7; 71 , • • • , 7^) 

= d^*^'>(f)^{']Tq O 7; VTg O 7i, . . . , VTg O 7^) 
= O (vTg O 7, TTg O 7i, . . . , TTg O 7^) 

= d^^\(f)onq) o (7,71, ... ,7^) 

= rf^^^TTp 0(f))o (7,71, . . . ,7^) 

(7,7i,...,7f) 



for £ G N with i < m. 

Since 7 and p were arbitrary, we conclude that the map 

C^{U,Vy-^ n C^(f^,^p)':7^(vrpO</.o7),,^(^) 

is C™. Since its image and all directional derivatives are contained in Cy^{U, Z)' (in the 
sense of ILemma 3.4.2|) . we conclude that it is C"^ as a map to Cy^{U, Z)*. □ 



Lemma 3.4.23. Let X be a finite- dimensional space, U O X an open nonempty subset, 
Y a locally convex space, W C R with Ijj G W, £ G N and V ^ Y convex. Then the 
set C^{U,Vy is convex. 

Proof. It is obvious that C^([/, V) is convex since V is so. But then 

ci,iu,v)' = cUu,v)ncUu,Yy 

is convex as intersection of convex sets. □ 



4. Lie groups of weighted diffeomorphisms 

In this section, we prove that for each Banach space X appropriate subgroups of the 
diffeomorphism group Diff (X) can be turned into Lie groups that are modelled on open 
subsets of some weighted function spaces described earlier. Here 

Diff(X) := {(/) G TC°°{X,X) : (f) is bijective and (j)'^ G TC°°{X,X)}; 



the chain rule (Proposition A. 3. 10) ensure that Diff(X) is actually a group with the 



composition and inversion of maps as the group operations. 
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4.1. Weighted diffeomorphisms and endomorphisms 

For W C 1^, we define 

Diff^(X) := {</. e Diff (X) : </> - idx, - idx G C^{X,X)} 

and 

Endw(X) := {7 + idx : 7 e C^(X,X)}. 

The set Endw(^) can be turned into a smooth manifold using the different iable structure 
generated by the bijective map 

fi;w : C^{X, X) ^ Endw(X) : 7 ^ 7 + idx • (4.1.0.1) 

We clarify the relation between Endw(X) and Diffyy(X). The following is obvious from 
the definition: 

Lemma 4.1.1. LetW cW^ and (p e Diff(X). Then 

(/)eDiffw(X) ^ </.,(/)-i G Endn;(X). 
Furthermore, we have 

Proposition 4.1.2. Let W C M such that Endw(X) is a monoid with respect to the 
composition of maps. Then the group of units is given by 

Endw(X)x =Diff^(X); 

in particular DiSy^{X) is a subgroup o/Diff(X). 

Proof. Obviously 

(p G Endw(-^)^ is bijective and 0,0^^ G Endw(X). 

Since End>v(X) consists of smooth maps, the assertion follows from lLemma 4.im □ 

4.2. A smooth monoid 

In this subsection, we prove that Endvv;(X) is a monoid if Ix G W holds. Thus Diffyy;(X) 



is a group by Proposition 4.1.2 We also show that the monoid multiplication 



o : Endw(X) x Endw(X) ^ Endw(X) 



is smooth. This result together with Proposition 4.1.2 yields that Diffyy(X) is a group 
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4.2.1. Important maps 

As a preliminary, we study how the composition looks like with respect to the global 
chart Kyv (from (14.1. U.l|) ). For i], 7 G C^(X,X), 

i^wil) o i^wiv) = (7 + idx) °{v + idx) = 7 o + idx) + r] + idx ■ (4.2.0.1) 

Obviously i^wil) ° i^wiv) ^ Endw(-^) if and only if 7 o (r/ + idx) ^ C^(-^) ^)', and the 
smoothness of o is equivalent to that of 

C^{X,X) X C^{X,X)-^C^{X,X) : (7,r7) ^^7o(r^ + idx). 

For technical reasons we also discuss general maps of the form 

gy : C%W, Y) X C%U, V) ^ C%U, Y) : (7, ry) ^ 7 o (r^ + idx); (4.2.0.2) 

here U,V,W C X are open nonempty subsets with V + U ^ W and F is a normed 
space. These maps play an important role in further discussions. 

Continuity properties We discuss when the restriction of gy to weighted function 
spaces is continuous. 

Lemma 4.2.1. Let X and Y be normed spaces, U,V,W X open nonempty subsets 

— w 

such that V + U W and V is balanced, and W C M . 

(a) For 7 e C^{W, Y) f] BC\W, Y), r] e C^{U,V), f e W and x e U, the estimate 

\f{x)\ \\gy{i,v)ix)\\ < \f{x)\ (||7lli,.K„,(,„i + h{x)\\) (4.2.1.1) 

holds. In particular 

gYh,v)=7°{v + '^dx)eC^iU,Y). 

(b) Let 7, 70 G C^iW, Y) n BC^{W, Y) and t], r/o G C^{U, V) such that 

{tr]{x) + (1 - t)r]o{x) -.t e[0,l],x eU} CV. 
Then for each / G W the estimate 

\\9Yh,v) - 9Y{lo,Vo)\\f,o < |l7l|iw,ill^-^o||/,o 

+ II7 - 7o||ih',iII^o||/,o + II7 - 7o||/,o (4.2.1.2) 

holds. In particular, if 1]^ G W then the map 

gy,o : Cl^{W,Y) x C%\U,V) ^ C(?7,F) : {^,r]) ^ gy{j,r^) 
is continuous. 
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Proof, (a) For a; G f/ we derive using the triangle inequality and the mean value theorem 

\fix)\\\gYi^,v)ix)\\ = \fix)\Mv{x)+x)\\ 

< \f{x)\ ||7(ry(x) +x) -7(x)|| + ||7(x)|| 



1/(^)1 



Dj{x + trj{x)) ■ rj{x) dt 



I/Wlll7(^) 



op, oo 



x)\\ + \f{x)\h{x) 



and from this we easily conclude the assertion. We could apply the mean value theorem 
because the line segment {x + tri{x) : t G [0, 1]} is contained mU + V since V is balanced, 
(b) For X & U we have 

\fix)\ \\9Y,o{l,r]){x) - gY,o{lo,Vo){x)\\ = \f{x)\ \\-r{r]{x) + x) - -fo{r]o{x) + x)\\. 

We add = 7(770(2;) + x) ~ 7(770(0;) + x) and apply the triangle inequality: 

= \fi^) \ hivi^) + x) - 7(^0(2;) +x)+ 'jivoix) +x) - 'Joimi^) + 
< \f{x)\ hivix) +x)- 7(r7o(s) +x)\\ + \fix)\ \\ (7 - ^o)im{x) + x)\\. 

We discuss the summands separately. For the first summand, we can apply the mean 
value theorem ( Proposition A. 3. 11 ) because we assumed that the line segment {tT]{x) + 
(1 — t)?7o(x) : t G [0, 1]} is contained in V, and get 

\f{x)\ h{ri{x) + x) --f{r]o{x) + x)\\ 



-\fix)\ 



D^{tr]{x) + (1 - t)rio{x) + x) ■ {r]{x) - ■r]o{x)) dt 



<l/(a;)| ll7l|iM/,ill^(a;) -^o(a;)||. 

By applying the mean value theorem, which is possible because V is balanced, the second 
summand becomes: 

\f{x)\\\{i-io){m{x) + x)\\ 

= l/(a;)| 11(7 - 7o)(^o(a;) + x) - (7 - 70) (x) + (7 - 7o)(x)|| 



<l/(^)l 



-0(7 - -fo)itr]o{x) + x) ■ r]o{x) dt 



||(7-7o)(x) 



<l/(^)l(ll(7-7o)||i..,iho(x)|| + ||(7-7o)(x) 

Combining these two estimates gives ( 14.2. 1.2p . 

The continuity of gyfl follows from this estimate: For each r] G C^{U, V), there exists 
an r > such that 

viU) + BriO)CV, 

and since l^y G W, 

:= G C(f/, X) : \\7] - ^||i^,o < r} 

is a neighborhood of r] in C^{U,V). The estimate equation (4.2.1.2) ensures that gyfl 
is continuous on Cly{W, Y) x E^j. □ 
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Proposition 4.2.2. Let X and Y be normed spaces, U,V,W C X open nonempty 

— w 

subsets such that V + U W and V is balanced, G N and W C R with Iw G W. 
Then 

gyiC^\W, Y) X C^(f/, V)) C CUU, Y), 

and the map 

gY,k : C^\W, Y) X C^'{U, V) ^ C^(f/, Y) : (7, v) ^ 9y{i. v) 
which arises by restricting gy is continuous. 

Proof. The proof is by induction. The case A; = was treated in ILemma 4.2.1I 
k ^ k + 1: We use Proposition 3.2.3 (and ILemma 4.2. 1() to see that 



gyiC';^'iW,Y) X C^\U,V)) C C^\U,Y) 



k+l. 



is equivalent to 



(D o gy){C'^^{W,Y) X C^\U,V)) CCUUMX,Y)y, 



and that the continuity of gy.k+i is equivalent to that of D o gy^k+i- 

Applying the chain rule to gy yields that for 7 G C^'^{W, Y) and r] G C^^{U, V) 

{D o ^y)(7, T]) = gL{x,y),k{Dl, ■ [Dr] + id) 



holds, where ■ denotes the composition of linear maps (see Corollary 3.3.6 ) and id denotes 
the constant map x t— ?■ idx- Since D7 G C^^{W^ L(-^5 we derive from the induction 
hypothesis that 

^7L(x,y),fc(I^7,^)eC^(t/,L(X,F)). 
Hence we conclude from Corollary 3.3.6 and Dr] + id G BC^{U, L(X)) that 

{Dogy){^^^)eC^(UMX.Y)). 

The continuity of D o gy^k+i follows easily from Q: We use the inductive hypothesis 
to conclude that gL{x.Y),k is continuous. Since D and 

■ : C^iU, L(X, Y)) X BC\U, L(X)) ^ C^U, L(X, Y)) 

are smooth (see Proposition 3.2.3 and Corollary 3.3.6 ) as well as the translation with id 
in BC^{U,L{X)), the continuity of gy,k+i is proved. □ 

Lemma 4.2.3. Let X and Y be normed spaces, U,V,W C X open nonempty subsets 
such that V + U CW and V is balanced. A; G N and W C M with Ix G W. Then 

gyAc^\w,Yy X cUu,v)) c cUu,Yy. 
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Proof. We only need to prove this assertion for k < oo. To this end we proceed by 
induction on k: 



k = 0: We use Estimate (4.2.1.1) in lLemma 4.2.11 
Let / e W, 7 e Cl^{W,Yy and 1] e C^{U,V). Then for every e > there exists an 
r > such that 



l7l 



and (as Ix E W) 



\W\Br(0)\\ffl < 2 

e 

l7lvy\Br(o)||iM.,i < 



2(hll/,o + l)' 

Since Ix G W, we have K := ||?7||iy,o < oo- Let i? G M such that R > r + K. Then for 
each X eU\ Br{0) 

x + Br]{x) C W\Br{0), 



so we conclude from Estimate (4.2.1.1) that 



|/(a;)| ||^y,fc(7,r/)(x)|| < ||7lliM+e,(t/),i ll^ll/,o + Ifi^M hix)\\ < ^^n^ ^ 



\v\\f,o + 7^ 



for X eU\BR{0). Thus gy^kil^v) e C%iU,Yy. 
k ^ k + 1: We calculate using the chain rule that 

(^ o^y,fc+i)(7,^) = 9L{x,Y),k{Dl,v) ■ {Dr] + id). 
Since ^7 G C^\W,L{X,Y)y (see |Corollary"3:2:4| ), 

by the inductive hypothesis. Further, Dr] + id G i3C^(f/, L(X)), so we conclude with 



Corollary 3.3.4 that 



{Dogy^,^,)(^,n)ecUuMx,Y)y. 



From this (and the case /c = 0) we conclude with Corollary 3.2.4 that 

^y,fc+l(7,^)eC^(t/,F)^ 

so the proof is complete. 



□ 



Differentiability properties We now discuss whether restrictions of gy^k to weighted 
function spaces are differentiable. 

Lemma 4.2.4. Let X and Y be normed spaces, U,V,W ^ X open nonempty subsets 
such that V + U CW and V is balanced, W C with Iw e W, 7,71 G C^{W,Y), 
T] G Cy^{U, V), rji G Cy^{U,X) and t G M*. Further, let x & U such that the line segment 

{r]{x) + str]i{x) : s G [0, 1]} 
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is contained in V. Then 

' 9y,i{i + t'^i.ri + trii) - gY,i{7,v) 



t 



= / S^{9L{x,Y),ii^{l + stji),r] + str]i)-r]i + gY,i{ji,V + str]i))ds. 
Jo 

Proof. We first prove that the relevant weak integral exists. To this end, we take a closer 
look at the integrand. Since {rj{x) + str]i{x) : s e [0, 1]} C T/, we have 

Sx (5'L(x,y),i(^(7 + st^i),V + stm) ■ Vi + 9ya{1i^ V + 
= Dj {rj{x)+ strji {x)+x)-r}i{x)+ stDji {rj{x)+ strji {x)+x)-r)i{x)+ji{rj{x)+ strji {x)+x). 

The mean value theorem yields 

^ , , /X X / X , 'y(r](x) + tfjiix) + x) — 'firiix) + x) 
/ D-f{rj{x) + strii{x) + x) ■ r]i{x) ds ^ '^'^ ^ '-^ ^ '-^^^ ^ 

Jo ^ 

and 

/ {stD'^i{ri{x) + str}i{x) + x) ■ r]i{x) + 'yi{ri{x) + strii{x) + x)) ds 
Jo 

= -fi{r](x) + tr]i(x) + x); 

the latter identity follows from the fact that 

-^s^i{r]{x) + stri-i{x) + x) = stD^i{r}{x) + str]i{x) + x) • r]i{x) + ^i{r]{x) + str]i{x) + x). 
So the integral exists and has the value 

^{rjix)+trjrix)+^x)-^ivix)+x) ^ ^^^^^^^ ^ ^^^^^^ ^ 

^ gvAi + tii,v + tvi){x) - gY,ih,v){x) 

t 

and that shows the assertion. □ 

Proposition 4.2.5. Let X and Y be normed spaces, U,V,W C X open nonempty 

— w 

subsets such that V + U C W and V is balanced, W C R with Iw £ W; /c G N and 
£eN*. Then 

gY,k,, : Y) X C^\U, V) ^ Y) : r/) ^ ^ o (ry + id^) 

is a C^-map with the directional derivative 

dgY,k,ih, m 7i, ^i) = ^L(x,y),fe/-i(^7, v)-m + gY,kA'yu v)- (4.2.5.1) 
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Proof. This is proved by induction: 

i =1: From lLemma 4.2.41 and ILemma 3.2.13l we conclude that for 7, 71 G C^^'^^iW, Y), 
r] e C^''{U,V), rji G C^(f/, X) and for all t e M* in a suitable neighborhood of the 
identity 



/ 9L{x,Y),k,e-i{D{l + st-fi),r] + str]i) ■ r]i ds 
Jo 



+ 



holds. The theorem about parameter dependent integrals ( Proposition A. 1.8 ) yields the 
assertions if we let t — )■ in the above expression. 



■1 — )■ £: This follows easily from f l4.2.5.ip : Since D and ■ are smooth (see Proposition 3.2.3 



and Corollary 3.3.7) and 9L{x.Y).k/-i resp. gY,k,e are ^ by the inductive hypothesis, 
dgY,k,e is C^^^ and hence gy^ki is 

Corollary 4.2.6. Let X and Y be normed spaces, U,V,W ^ X open nonempty subsets 

— w — 

such that V + U CW and V is balanced, >V C R with Ivf G W and k eN. Then the 

map 

9Y,k,o. : C^iW, Y) X C^{U, V) ^ C*v(f/, Y) : (7, r^) 7 o (r^ + id^) 

(which is defineable due to Proposition 4-2.^ is smooth. In particular, gY,oo '■= 9y,oo,od 
is smooth. 



Proof. For k < 00, this follows from Proposition 4.2.5] since the inclusion maps 

C^{X,Y)^C'^'^\X,Y) 

are smooth. Now let /c = 00. From the assertions already established, we derive the 
commutative diagram 



C^{W,Y) X C^{U,V) 



aY,c 



■C^iU,Y) 



C^iW,Y) X CUU,V) 



3Y,n 



for each ri G N, where the vertical arrows represent the inclusion maps. With Corollary 3.2.6 
we easily deduce the smoothness of gy^oo from the one of gY,n.oo- D 

Corollary 4.2.7. Let X and Y be normed spaces, U,V,W X open nonempty subsets 

— w — 
such that V + U CW and V is balanced, W C M with l^y G >V and k eN. Then 

gY,k,ooiCwiw,Yr X cUu^vy) c C(f/,y)°, 



and the restriction gy^i 



is smooth. 



'''^'°°lc^{VK,y)°xc^((7,y)° 

Proof. This is a direct consequence of Corollary 4.2.6 ILemma 4.2.3l and by Proposition A. 2. 3 
that C^{U, Yf is closed; see ILemma 3.1.61 □ 
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4.2.2. The monoid structure 

Corollary 4.2.8. For W C 1^ 

unit group 



with Ix € yV, Endvv(X) is a smooth monoid with the 



Endw(X)^ =Diff^(X). 

Further, the set 

Endw(X)° := {7 + id^ : 7 e Q(X, X)°} 
is a closed submonoid o/End>v(-^) that is a smooth monoid. 



(4.2.8.1^ 



Proof. We first show that Endw;(X) is a monoid. Since idx G End)^{X) is obviously 
satisfied, it remains to show that it is closed under composition. Since every element of 
Endvv;(X) can uniquely be written as + idx with G C^{X, X), we are finished if we 
can show that for arbitrary 7,77 G Cyy(X, X) the relation 

Kwil) o f^wiv) - idx e C^(X,X) 



holds. From equation (4.2.0.1), we know that 

f^wil) o f^wiv) - idx = 9x,ooil, v) + V, 

and from this identity and Corollary 4.2.6, we easily conclude that the above relation 
holds. 



The smoothness of the composition follows easily from the smoothness of gx,oo ( Corollary 4.2.6 ) 
and the commutativity of 

Endw(X) X Endw{X) >Endw(X) 

T 

C^(X, X) X C^(X, X) ) C^(X, X) 

where tt2 denotes the projection 

C^(X,X) xC^(X,X) ^C^(X,X) 

onto the second factor. 

Endvv)(X)° is a closed subset of Endvv;(X) since is a homeomorphism and by 
ILemma 3.1. Q\ Cyy(X, X)" is a closed vector subspace of Cyy(X, X). We know from 



Corollary 4.2. 7| and the fact that C^(X, X)° is a vector space that for 7, 77 G C^(X, X)° 



and that this map is smooth, hence EndH?(X)° is a smooth submonoid of EndH'(X). 



The relation Endw(X)^ = Diffyy(X) was proved in Proposition 4.1.2 



□ 



4.3. The Lie group structure 

We show that Diffyy(X) is an open subset of End>v(X) and the group inversion is smooth, 
whence Diffyy(X) is a Lie group. 
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4.3.1. Continuity of inversion 

et X be a ik 

:= {0 G C^{X, X) : + idx G Diff (X)} 



Definition 4.3.1. Let X be a normed space and W C M . We set 



and 

I -.Hyv^ TC^iX, X) : ^ (0 + idx)"^ - idx • (4.3.1.1) 
Lemma 4.3.2. Let X be a normed space, W C M and G Hy\j. Then 

(/(0) + idx) o (0 + idx) = (0 + idx) o (/(0) + idx) = idx, (4.3.2.1) 
and the identities 

J(0) o (0 + idx) = -0 (4.3.2.2) 

0o(/(0)+idx) = -/(0) (4.3.2.3) 

hold. 

Proof. This is obvious. □ 

In the following, it will be quite useful to use that by definition -Bi?(0) = if i? < 0. 
This notation will allow us to avoid distinction of cases. 

Lemma 4.3.3. Let X be a normed space and i?, r G M with r > 0. Then 

(X \ Br{0)) + Br{0) C X \ Bn^riO). 

Proof. Let a; G X \ -Bi?(0) and y G -8,^(0). We apply the triangle inequality: 

+ > ||a;|| — \\y\\ > R — r, 

and this had to be proved. □ 

Lemma 4.3.4. Let X be a normed space, W C M with Ix G W and G Hy^. Then 
G i3C°(X,X). 



Proof. This is an immediate consequence of equation (4.3.2.3) □ 



^Y 

Lemma 4.3.5. Let X be a Banach space, W C R with Ix G W, G Hy^ and r a real 
number such that 

lx\B,{0),l= sup \\D(f){x)\\op < 1. 

x£X\Br{0) 



Let R E M. such that R > r + ||/(0)||i^^o (note that ||-?^(0)||i^,o < oo by Lemma 4-3.4 )- 
Then for all f eW and x G X \ -Bi?(0) the estimate 

|/W|||/WW||< J^WIII^W" (4,3,5,1) 

1; 



'-X\Br{0) 

holds. 



50 



4. Lie groups of weighted diffeomorphisms 
Proof. We set ip := /(</)). Then for / G W and x E X \ -B_r(0) we compute using 



equation (4.3.2.3) 



= ||0(^(x) + x) - 0(x) + 0(x)|| 

< |/(x)| (^^ + + 

< p0U\B.(o)iii,,,,,o,.oi/(^)i + mx)i 

here we used that {x + sip{x) : s G [0, 1]} is contained in X\ 5.^(0) by the choice of R and 
ILemma 4.3.31 From this we can derive the desired estimate since ||D</)||i^^^ ^^^^ o < 1- D 

Lemma 4.3.6. Let X be a Banach space, W C M with Ix G W, G ifyy anc? a; G X. 
If the estimate \\D(j){x)\\op < 1 holds, then one has 

D(/(0))((0 + idx)(x)) = D<p{x) ■ Qhf^x){-Dcl>{x)) - D<p{x), (4.3.6.1) 



where QIh{x) denotes the quasi- inversion (which is discussed in appendix D). 



Proof. We set ip := I {(f)). From equation (4.3.2.2) and the chain rule, one gets 



D^((0 + idx)(x)) ■ (D0(x) + idx) = -D(Pix). (*) 
Since ||D</)(x)||op < 1, the hnear map D(f){x) + idx is bijective with 

oo oo 

(Dcf>{x) + idx)-' = Y,(-D<P{x)f = Y,i-D<i){x)f + idx = -QIux){-D<i){x)) + id^; 

fc=0 k=l 

(c.f. ILemma D.2.6p . Hence —D(j){x) is quasi-invertible and the above formula holds. 
Using this equality we can easily derive (14.3.6. ip from ([*]). □ 

Proposition 4.3.7. Let X be a Banach space, W C M with Ix G W, (j) G Hy^ and 

r G M such that 

sup \\D(j){x)\\op < 1. 

X&X\Br{0) 



Then for each i? G M with R > r + \\I{(f))\\i^^Q (by Lemma 4-3.4 : \\H4')\\ixfi < oo 

imx\B,io)eC^{X\BRiO),X) 

and 

D{I{<f))\x\Bm) = 9Lix),ooW ■ QI{-D<p\x\BA0)) - D<P, /(0)U\B,(o)), (4.3.7.1) 
with QI := Q/c^(x\Br(o),L(X))- 



51 



4. Lie groups of weighted diffeomorphisms 



Proof. We prove by induction that I{(j))\x\BR{o) G Cyy{X \ Br{0),X) for all k e N. In 
this proof, we will identify maps with their restrictions; no confusion will arise. 
k = 0: This case was treated in ILemma 4. 3. 51 

k ^ k + 1: Using Proposition 3.2.3] (and the induction base), we see that 



Ii(l))eC^\X\BniO),X) 



Di{4>)eCUx\BR{o)MX)y, 



the second condition shall be verified now. Since 
quasi-invertible in C^{X \ 5^(0), L(X)) with 



X\Sr(0) 



,1 < 1, the map —Dcp is 



QI{-D4>) = g/L(x) o 



by Proposition 3.3.20 From this, equation (4.3.6.1) in ILemma 4.3.61 and the fact that 
+ idx is a diffeomorphism with (0 + id^)^^ = I{4>) + idx (see equation (4.3.2.1) ), we 
deduce that 

D I{<P) = {D(t> ■ QI{-D<P) - D<P) o (/(0) + idx) (*) 
on X \ Bf>{0). We use Proposition 3.3.2"0] and Corollary 3.3.6| to see that 

■ QIi-D(t>) eC^iX\ Brio), L(X)). 



Choose s > ||/(0)||i^,o such that R > r + s. Then (X \ Br{0)) + 5,(0) C X \ 5^(0), 
by ILemma 4.3.31 Since we know from the induction hypothesis that 1(0) G Cy^{X \ 
BptiO), X), we derive from equation (*) and Corollary 4.2.6 (applied with U = X\Bji[0), 
V = BsiO) and = X \ 5^(0)) that 

D I{<f)) = gLix),ooAD<P ■ QI{~Dct>) - J(0)). 

Hence D /(0) G C^(X \ fi^(O), L(X)). 



□ 



Lemma 4.3.8. Let X he a Banach space, W C 
C^(X, X)". Then there exists an R eM. such that 



with Ix G W and (j) G i^w l~l 



imx\BmeC^{X\Bn{0),xr. 
Proof. Since (p ^ C^(X, X)°, there exists an r G M such that 

sup \\D(p{x)\\op < I. 

X&X\Br{0) 



We choose an i? G M with R > r + 11-^(0) ||ix,o (noting that ||/(0)||i_y^o < oo hj 
ILemma 4.3.4^ . We show with an induction that /(0)|x\Bj;(o) ^ ^vvi-^ \ BR{0),Xy 
for all /c G N. 

k = 0: This is a direct consequence of Estimate (4.3.5.1) in ILemma 4.3.5l bv the choice 
of i? since G C^(X,X)°. 

k ^ k + 1: We just have to show that 



D imx\Bnm e C^(X \ Bn{0), L(X))", 
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see Corollary 3.2.4 But this follows immediately from the formula equation (4.3.7.1) for 



D I{(f))\x\BR(o) in Proposition 4.3.7 



Choose s > \\Ii4')\\ix,o such that R > r + s. Pointwise compositions of functions from 
C^{X \ Brio), L(X))° and C^{X \ 5^,(0), L(X)) are contained in C^{X \ S^(0), L(X))° 
Corollary 3.3.4] ), and 



see 



9Lix),ooAC^iX \ Brio), L(X))° X C^iX \ 5^(0), 5,(0))°) C C^(X \ 5^(0), L(X))° 



by [Corollary 4.2.7| (using that /(0)|x\b«(o) e O^iX \ fi/j(0), 5,(0))° by the inductive 



hypothesis). □ 

An open set of diffeomorphisms We describe an open neighborhood of in C^{X, X) 
whose image under /tyy consists of diffeomorphisms. 



Definition 4.3.9. Let X be a normed space and W C M with Ix G W. We set 

f/w:= {0gQ(X,X):||0||i,,i<1}. 

Since Ix G W, Uyv is open. 

The following fact shows that kw{Uw) ^ Diff (X). 

Proposition 4.3.10. Let E and F he Banach spaces and cp G J-'C^{E, F) such that for 
all X & E the linear map D(j){x) G L{E, F) is invertible and there exists some K E M 
with \\D(j){x)~^\\op < K for all x E E. Then (p is a surjective homeomorphism. 

Proof. A proof can be found in |CH82| Chapter 2.3, Theorem 3.9]. □ 

Corollary 4.3.11. Let X be a Banach space and W C M with Ix G W. Then 

(a) K^{U^^) C Difr(X) 

(h) I{Uy,)'ZC^{X,X). 
Proof. Let (p G Uy^. 

(a) Then D(f){x) + idx is invertible for all x G X with 

oo 

{D<p{x) + idx)-' = Y,{-D<p{x))', 

1=0 

and from this we get the estimate 

\\{D{<P + idx)ix))-'\\op<- ^ . 

1 - ||/^0||op,oo 



We conclude with Proposition 4.3.10 that + idx is a bijection of X, and the clas- 
sical inverse function theorem yields that (0 + idx)~^ is smooth. Hence + idx is a 
diffeomorphism. 



(b) From Corollary 4.3.11 we conclude that (j) G H\^, so we can apply Proposition 4.3.7 
with R = and a sufficiently small negative real number r to conclude that 1(0) G 
C^(X,X). □ 
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Proposition 4.3.12. Let X be a Banach space and W C R with Ix G W. Then the 
map 

lyv-.U^^ C^iX, X) : ^ J(0) = (0 + idx)-' - idx 
(which makes sense due to Corollary 4-3. is continuous. 

Proof. The map Jw is continuous if and only if the maps 

le : f/w — )• C^{X, X) 

are so for each £ G N ( Corollary 3.2.6^ . We shall verify this condition by induction on £. 
i = 0: For 0, 0i G Uy^; we set ip := and ipi := We compute for x G X with 



equation (4.3.2.3) , the mean value theorem and by adding = (j)i{ilj{x)+x)—(f)i{ip{x)+x) 



ipiix) - il){x) = (j)i{tp{x) + x) - (f)i{tjji{x) + x) + (j){^{x) + x) - (pidj^x) + x) 

^i(t^(x) + (1 -t)^i(x) +x) ■ {ip{x) - iplix)) dt + gx,ooi(t) - (pi,ip){x)- 

Let / G W. For the integral above, the estimate 







1/(^)1 



D(f)i{tip{x) + (1 - t)ipi{x) + x) ■ {ip{x) - ^i(x)) dt 



< 







holds, whence 



We have to estimate the last summand in To this end, we fix G f/>v and choose 
some ^ G M such that ||0||i_^,i < < 1. Since gx,oo is continuous ( Corollary 4.2.6 ) and 
5'x,oo(0, V') = 0, for each e > there exists a neighborhood ^ of in Uy^ such that for 
all 01 G V 

\\gw,o,x{(t> - </'i,^)||/,o < £■ 

After shrinking V, we may assume that each (pi E V satisfies ||0i||ijf,i < ^. We now 
conclude from Q the estimate 



l/,o 



< 



e 



< 



e 



n\\ix,i 1-^ 

for 01 G V, from which we infer that Iq is continuous in 0. 

£ — > 1: Because of Proposition 3.2.3 (and the induction base) J^+i is continuous iff 
D o k^i:Uy;^C^{XMX))isso. 

From equation (4.3.7.1) in Proposition 4.3.7] we conclude that for G f/>v 

(D O /,+i)(0) = (7L(X),£,oo(/^0 • Q/(-^0) - D(l), /,(0)) 



holds. Since 5'l(X).^,oo, D, -, Q/ and are continuous (see Corollary 4.2.6 Proposition 3.2.3 



Corollary 3.3.6 Proposition 3.3.20 and the inductive hypothesis, respectively), we con- 
clude that D o I^_^i is continuous. □ 



54 



4. Lie groups of weighted diffeomorphisms 



Definition 4.3.13. Let X be a normed space and W C M with Ix G W. We define 
Mw := K^\BiSy^{X)) = {<pe C^{X, X):<f) + idxe Diffw(^)} 



and redefine /w by enlarging its domain: 



+ idx)"^ -idx 



Corollary 4.3.14. Let X be a Banach space and W C M with Ix E W. Then 
Myy is open in C^{X,X) and the map /yy defined above is continuous. Moreover, 
Diffyy(X) is an open submanifold o/End>v(X). In particular it is a smooth manifold 
whose differential structure is generated by {kwIm^^ Mw) ■ Further, the inversion map 
o/Diffyy(X) is continuous. 



Proof. We established in Corollary 4.2.8 that End>v(-^) is a topological monoid with the 
unit group Diffyy(X). If we want to show that Diffyy(X) is open we just need to find an 
open neighborhood of idx in Endyy(X) that is contained in Diff yy(X) (see lLemma D.2.3|) . 
In Corollary 4.3.11 we established that I{Uw) ^ X), so for (p G Uw we have 



+ idx, (0 + idx)~' G Endw(X) n Diff (X). 



We use ILemma 4.1.1] to see that this is equivalent to + idx = ^^^(0) G Diffyy(X), so 
the open set nw{Uw) is contained in Diffyy(X). 

Also from ILemma D. 2131 we conclude that the inversion of Diffyy(X) is continuous if 
its restriction to k,w{Uw) is so; but since kw is a homeomorphism this is equivalent to 
the continuity of Iw\uw^ clear from the following commutative diagram: 

Diff^(X)— i^Diff^(X) 
-^Mw 



Ml 



The continuity of the restriction of Iw to Uw was established in Proposition 4.3.12 



All the other assertions follow trivially from the ones already proved. In particu- 
lar, the openness of Mw and the continuity of Iw follow from the fact that nw is a 
homeomorphism. □ 

4.3.2. Smoothness of inversion 

Differential quotients of Iw have the following form: 



^x 



Lemma 4.3.15. Let X be a Banach space, W C M with Ix G W, 
C^(X, X) and t G K* such that (f) + t^; E Mw- Then 



G Mw, tp G 



/w(0 + tV^) -/w(0) 



gx,^ + fi'L(X),oo(^(/w(0 + tip)), + Sti)) ■ Ip, Iw{(l))) ds. 
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Proof. The existence of the mentioned integral follows from ILemma A. 1.61 since gx,c 



9l(X),oo, D, ■ and />v are continuous and C^{X,X) is complete (see Corollary 4.2.6 



Proposition 3.2.3 Corollary 3.3.7 Corollary 4.3.14 and Corollary 3.2.12 respectively). 

To show that the stated equality holds, we use evaluation maps (see ILemma 3.2.13|) . 
Since + idx is a diffeomorphism, all points of X can be represented as 0(a;) + x, where 
X G X. For any point of this form we compute 

1 



[x)+x 



9x,oo{4^ + 9l{x),oo{D{Iw{4> + tip)), 4> + stip) ■ ip, Iw{<P)) ds 



gx,oo{ip + 5'L{x),oo(^(/w(0 + tip)), (p + stip) ■ip,{(p + idx) ^ - i<lx){(p{x) + x) ds, 



where we used ILemma A.lT4l und substituted Iw{<P) with {(p + idx) ^ — idx- In view of 
the definition of gxoo, the proceding integral equals 



ip{x) + gh{x),oo{D{Iys!{(p + t^)), (p + st%p){x) ■ ip{x) ds. 



We factor out ip{x), put in the definition of gh{x),oo and multiply with 1 = | to obtain 



(5'L(x),oo(^(/w(0 + tip)), (p + stip){x) + idx) ■ ipix) ds 

D{Iyvi(p + tip) + idx)(0(a;) + stip{x) + x) ■ (tip^x)) ds 

using that Didx{y) = idx for all y & X. The mean value theorem gives 
(/w(0 + tip) + idx)(0(a;) + x) - {Iw{(p + tip) + idx)(0(x) + t^{x) + x) 



We plug in the definition of ly^ and obtain 

_ {(p + ti) + idx)~^(0(x) + x)-{(p + tip + idx)~H0(a^) + tip{x) + x) 

~ t 

_ {(p + tip + idx)-\(p{x) + x)-{(p + idx)'\(p{x) + x) 

~ t 
This can be rewritten as 

Jw(0 + tip){(f){x) +x)- Iwi(p){(p{x) + x) 



t 

so finally we get 

' Iyv{(p + tip) - Iyv{<P) 



[x)+x 



t 



and this completes the proof. 



□ 
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Proposition 4.3.16. Let X be a Banach space and W C 
is a smooth map with 



with Ix eW. Then L 



w 



(4.3.16.1) 



using notation as in Corollary 4-2.6. 



Proof. We prove by induction tliat J>v is a C'^ map for all A; G N. 

k = 1 : We just have to use ILemma 4.3.151 and Proposition A. 1.8 to obtain the 
differentiability of />v with the derivative (14.3.16.11) . 

k ^ k + 1: If Jyy is C^, we conclude from (14.3.16.1]) and the fact that D, ■, (y'L(x),oo and 
gx,oo are smooth (see Proposition 3.2.3, Corollary 3.3.7| (together with Example A. 2. 6) 
and Proposition 4.2.5 respectively) that dly\j is C^, so Jw is C^~^^ by definition. □ 



Theorem 4.3.17. Let X be a Banach space and W C 
Diffyy(X) is a Lie group. 



tX 



such that Ix G W. Then 



Proof. In Corollary 4.2.8 we showed that the composition of Endw(X) is smooth, and 
since DifFyy(X) is closed under that composition and an open subset of Endvv;(X) (see 
Corollary 4.3. 14p , the composition of Diffyy(X) is also smooth. It only remains to show 



that the group inversion of Diffyy(X) is smooth. But this follows from the commutativity 
of the diagram 

Diff^(X)^Diff^(X) 



Ml 



w 



w 



together with the smoothness of Jw which was stated in Proposition 4.3.16 



□ 



4.3.3. Decreasing weighted diffeomorphisms 

We now make Diffyy(X)° := Diffyy(X) fl Endvi;(X)° a Lie group (where Endw(-^)° is as 
in 04.2.8.11) ). 

Lemma 4.3.18. Let X be a Banach space and W C R with Ix G W. Further, let 
G Endw(X)° and ^ G Diff^(X). Then t/; - t/; o g C^{X,Xy. 

Proof. We calculate with ILemma 3.2.131 

^-^o0= / D^{idx+t{<p-idx))-{<l)-idx)dt. 



Since Dip G BC°°{X,L{X)), we conclude with [Corollary 4.2.6| that Dip {idx +t{(f) - 
idx)) G BC°°{X,L{X)). Since 0-idx e C^(X, X)°, the assertion follows from |Corollary 3.3T4 



and the fact that C^(X, X)° is closed in C^(X, X). □ 
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Proposition 4.3.19. Let X be a Banach space and W C M with Ix G W. The set 

Diff^(X)° := Diff^(X) n Endw(X)°{0 G Diff^(X) : - id^ G C^{X,Xy} 
is a closed normal Lie subgroup o/Diffyy(X). 



Proof. We proved in Corollary 4.2.8 that End>v(X)° is a smooth submonoid of Endw;(X) 
that is closed. Since Diffyy(X) is open in Endvv;(X), we conclude that Diffyy(X)° is a 
smooth submonoid of Diffyy(X) that is closed. Further, it is a direct consequence of 
ILemma 4.3.81 that the inverse function of an element of Diffyy(X)° is in Diffyy(X)°, 
whence using [Lemma B. 1.61 we see that the latter is a closed Lie subgroup of Diffyy(X). 

It remains to show that Diffyy(X)° is normal. To this end, let (p G Diffyy(X)° and 

G Diffw(X). Then 

-0000 ip~^ — idx = lp o (p o ip~'^ — ip o (p^^ o (p o ip^'^ = i^ip — 1p o (p~^) o (p o ip^'^, 

so we derive the assertion from ILemma 4.3.181 and ILemma 4.2.31 □ 

Lemma 4.3.20. Let X and Y be finite- dimensional normed spaces and U X an open 
nonempty set. Further, let W C a set of weights such that 



w cc:°°(f/, [o,oo[) 

(Vx G U){3f G > 

(V/i, ...,/„ G W)(VA;i, . . . , fc„ G N)(3/ G W, C > 0) 
(Vx G U)\\D^'^^f,{x)\\o,-- ■ \\D^'-^ fn{x)\lp < Cf{x). 



(4.3.20.1) 



Then C^{U, Y) is dense m C\^{U, Y f . 

Proof. A proof can be found in |(;DS73I §V, 19 b)]. □ 

Lemma 4.3.21. Let X be a finite- dimensional normed space, W C M/^ such that Ix G 
W and (I4.3.20.ip is satisfied (where U = X). Then the set of compactly supported 
diffeomorphisms DifF^(X) is dense in Diffyy(X)°. 

Proof The set := Mw n C^(X,X)° = K^(DiSy^{X)°) is open in C^(X,X)°, and 
hence M, := C~(X, X)nM^ is dense in bv lLemnia 4.3:201 But = K^^(Diff^(X)), 
from which the assertion follows. □ 

4.3.4. Diffeomorphisms that are weighted endomorphisms 

It is obvious that the relation 

Diff^(X) C Endw(X) n Diff (X) 

holds. We give a sufficient criterion on W that ensures that these two sets are identical, 
provided that X is finite-dimensional. Further we show that Diff|^^|(]R) ^ End{ig}(]R) fl 
Diff(X). 
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Proposition 4.3.22. Let X be a finite-dimensional Banach space and W C M with 
Ijf £ VV. // there exists an f eW such that 



(WR > 0)(3r > 0) ||a;|| > r ^ > R 

and if each function in W is bounded on bounded sets, then 

Diff^(X) = Endw(X) n Diff (X). 
Proof. It remains to sliow that 

Endw(^) n Diff (X) C Diffw(X). 
So let ip be in Endw(-^) H Diff (X) and set (p := ip — idx G -f^w- Then 
^ G Difr^(X) ^ e Endw(X) 



(4.3.22.1) 



-1 



idxGQ(X,X) 



/((/.) gQ(x,x) 



(see ILemma 4.1.11 and the definition of / in equation (4.3.1.1)). The last statement 
clearly holds iff 

{3R G M)/(0) G C^{X\Br{0),X) and /(0) G C^(5r(0),X), 

and this shall be proved now. But /(0) G Cyy(i?ij(0), X) for each G M, because each 
/ G W is bounded on bounded sets, all the maps D^^^I^cp) are continuous and each 
closed bounded subset i? of X is compact (as X is finite-dimensional); hence 

sup|/(x)|||(DW/(0))(x)|U,<oo. 

It remains to show that there exists an i? G M such that 1(0) G C^(X \ i?/j(0),X). We 
set := II 011 J ;l < oo and conclude from (14.3.22.1]) that there exists an with 

||a;|| >r^ ^ |/(x)| >K^ + l. 
< for each a; G X, we conclude that 



Since |/(x)| \\D(t){x) 



I op 



\\<P\x\Br, 



(0)l|lx,l 



< 



< 1. 



But we stated in Proposition 4.3.7 that this implies the existence of an i? G M such that 

/(0)gC^(X\5^(O),X). □ 
Lemma 4.3.23. Let 7 G C°°(R, R) be a bounded map that satisfies 

(Vs G M) i{x) > -1. (*) 

Then ^ + idM G Diff(R). 
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Proof. We conclude from that 

(7(x) +idK)'(x) > 

for all a; G M, so 7 + id^ is strictly monotone and hence injective. Since 7 is bounded, 
7 + idiK is unbounded above and below and hence surjective (by the intermediate value 
theorem) . □ 

Example 4.3.24. We give an example of a map 7 G ;BC°°(M, M) with the property 
that 7 + idK G DifT(M), but (7 + idK)-^ - ids ^ i3C°°(M,M). To this end, let (j) be an 
antiderivative of the function x ^ - arctan(a;) with 0(0) = 0. Then sin o and cos o , 
are in BC°°(M., M) by a simple induction since cos, sin, arctan G BC°°' 



2 

(sino0) (x) = — arctan(a;)(cos o (/))(a;), (*) 

TT 

and an analogous formula holds for (coso0)'. We set 7 := sino0. By (jlj), we have 
7'(x) > -1 for all x G M, so 7 + idR G Diff (R) (see lLemma 4.3. 23j) . But since 



((7 + idM)-^-idM)'(x) = ^^;^^-l 

with y := (7 + idiR)~"'^(x) and there exists a sequence (yn)neN in with 

2 

lim -arctan(?/„)(coso0)(y„) = -1, 
((7 + idu)"^ — idu)' clearly is not bounded. 



Example 4.3.25. The space Diff5(]R") satisfies Condition (4.3.22.1) We just have to 



set /(xi, . . . , Xn) = x1 + ■ ■ ■ + x^ which clearly is a polynomial function on R". 

4.4. Regularity 

We prove that the Lie groups just constructed are regular. For the definition of regularity 
see [section B.2.21 In the following, we discuss the (right) regularity differential equation 
(IB.2.11.11) for Diff^(X). 

4.4.1. The regularity differential equation for Diff.^(X) 



We turn equation (B. 2. 11.1) into a differential equation on its modelling space C^(X, X). 
In order to do this, we first have to describe the group multiplication of the tangent group 
T Diffyy(X) and the right action of the Lie group Diffyy(X) on T Diffyy(X) with respect 
to the chart Kw;: 

^ 

Lemma 4.4.1. Let X be a Banach space and W C M with Ix G W. In the following, 
we denote the multiplication on DifFyy(X) with respect to the chart ny^; by my^. 
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(a) The group multiplication Tm>v on the tangent group TDiSy^{X) with respect to 
Kyv is given by 

Tmn;((7,7i), (^,^1)) = ("^>v(7,^),^7 ° iv + idx) ■ ?7i + 7i ° + idx) + ?7i)- 

(b) Let g G Diffyy(X). Then the right action Tpg of g on TDiffyy(X) with respect to 

is given by 

Tpg(7,7i) = ("^>v(7,'«w(^)),7i o («:w(^) + 

Proof, (a) We have 

and the commutative diagram 

Diff^(X) X Diff^(X) °- >Diff^(X) 

Mw X Mw — > Mw 



(remember that Myj = KyJ{DiSy^{X)), see IDefinition 4.3. 13^ . The group multiphcation 



on the tangent group is given by applying the tangent functor T to the group muhiph- 
cation on Diffyy(X), and therefore we obtain the group multiphcation on TDiffyy(X) in 
charts by applying T to my^ (up to a permutation). Since 

Tm>v(7, V, 7b ^71) = {mwil, r]),D'jo{r] + idx) ■ Vi + li ° iv + idx) + Vi) 

by (14.2.5. ip . the asserted formula holds. 

(b) The right action of g on TDiffyy(X) is given by applying the tangent functor T 
to the right action pg of g on Diffyy(X). Also, we have a commutative diagram 

T Diffw(X) ^ > T Diffw(X) 

Treyv Tkvv 

TMw ) TMw 

Since (/t^^ o pg o kw){-) = mw(-, f^wid)), we get 

T^if^w ° Pg° '^w)(7; 7i) = {mwil, /«w (fl')), 7i <=> (i^wia) + idx)) 
and from this the desired identity. □ 



Now we are ready to express equation (B. 2. 11.1) with respect to k>v. Before we do 
this, a definition is useful: 
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Definition 4.4.2. Let X be a normed space, W C M with Ix G W, A; G N and be 



a subset of W with Ix G J^- By Corollary 4.2.6 the map 



F^,k : [0,1] X C^(X,X) X C~([0,1],C^(X,X)) ^ C>(X,X) 
: (t,7,p) ^p(t) o (7 + idx) 

is well-defined. For each „parameter function" p G C°°([0, 1], C^(X, X)), we consider the 
initial value problem 

T'it) = FMt,m,p) .4421) 

r(o) = 0, y ■ ■ ■ ) 

where t G [0, 1]. 



Lemma 4.4.3. Let X be a Banach space and W C M with Ix G W. For p G 
C°°([0, 1],C^(X,X)), we denote a solution to (14.4.2. ip hy Tp. 

(a) For-f e C°°([0,1],C^(X,X)) = C°°([0, 1], Ti Diffyv(X)) the initial value problem 

r,'{t)=^{t)-ri{t) 
V{0) = idx 

has a smooth solution 

EvoFDifr^(^)(7):[0,l]^Diff^(X) 



iff the initial value problem ( 14.4.2. ip (in Definition 4-4- 2 ) with F = W, k = 00 
and p = (dhi^) o 7 has a smooth solution 

Tp: [0,1] ^«:^i(Diff^(X)). 

In this case, 



(b) Let Vt C C°°([0, 1],C^(X, X)) be an open set such that for each 7 G there exists 
a right evolution Evol^.^ {x)^"^) ^ C°°([0) 1]; Diffyy(X)). Then evol^jj^ (x)lf^ 
smooth iff the map 

T>,^{Q)^C'^{X,X):p^Tp{l) 



IS so. 



Proof. This is an easy computation involving the previous results. □ 
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Evaluation of curves and properties of Fj^^k In order to solve the differential equa- 
tion fl4.4.2.ip . we have to examine the map -Fjr^fc. Since this map is a composition of the 
map already studied in [section 4.2.11 and an evaluation of a smooth curve, we have to 
recall a basic fact concerning the evaluation of smooth curves. 

Lemma 4.4.4. Let Y be a locally convex topological vector space and m G N. Then the 
evaluation function 

ev : C"'([0,l],y) X [0,1] ^ F : {T,t) ^ T{t) 

is a C^-map with 

rfev((r,t);(ri,s)) = s-ev(r',t)+ev(ri,t) (f) 
(using the same symbol, ev, for the evaluation of C"^~^- curves). 

Proof. The proof is by induction: 

m = 0: Let F G C^([0, 1],Y) and t G [0, 1]. For a continuous seminorm ||-|| on Y and 
e > let f/ be a neier hborhood of F in C°([0, 1], Y) such that for all $ G f/ 



l'^'-r||oo<|, 



where ||-||oo is defined by 



C°([0, l],r) ^M: $ ^^ sup 11$ 

iG[0,l] 

By the continuity of F, there exists 6 > such that for all s G [0, 1] with |s — t| < 6 the 
estimate 

l|r(s)-F(t)||<| 

holds. Then 

||ev(F,t) - ev($, .)|| < ||F(t) - F(.)|| + ||F(s) - <l>(.)|| < s, 

whence ev is continuous in (F,t). 

m = 1: Let F, Fi G C^{[0, l],Y),t g]0, 1[, s G M and /i G M*. Then 

ev((F, t) + h{r,, s)) - ev(F, t) _ Tjt + hs) - F(t) , 

/i Gv(^i i,z -\- ns), 

and because F is differentiable and ev is continuous, this term converges to 

s-ev(F',t)+ev(Fi,t) 

for h ^ 0. Since this term has an obvious continuous extension to C^([0,l],y) x 
[0, 1] X C^([0, 1], 1^) X M, ev is differentiable with the directional derivative ([f]), which is 
continuous. 

m — m + 1 : The map 

C™+^([0, 1], Y) C"^([0, 1], F) : F F' 

is continuous linear and thus smooth. Using the inductive hypothesis, we therefore 
deduce from Q that dev is C". Hence ev is C"^~^^. □ 
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Lemma 4.4.5. The map Fj^ k defined in Definition 4-4-^ ^■^ smooth. 
Proof. By Corollary 4.2.6 and ILemma 4.4.4t -Fj- ^ is a composition of smooth maps. □ 
We introduce the following notation. 



Definition 4.4.6. Let X be a normed space and W C M with Ix G W. Furher, let 
J-*!, J^2 be subsets of W with Ix & J^i and C J^2 and ki,k2 & ^ with ki < k2- Then 
we denote the inclusion map 



with L.{Ti,ki),{T2M)- 



Lemma 4.4.7. Let X be a normed space and W C R with Ix € W. Further, let T\, 
J^2 be subsets ofW with Ix G Fi and F\ C F2- Let ki, k2 with ki < k2. Then 



FtiM ° (id[o,i] ^HTiM)X^2M) ^ idc°°([o,i],c^(x,x))) 
Proof. This is obvious. 



K^iM),{J'2M) ° Ft2M- 



(4.4.7.1^ 



□ 



tX 



Lemma 4.4.8. Let X be a normed space, W C R with Ix G W, J" C W with 1^ G W 
andp G C°°([0,1],C;^(X,X)). Then for each f e F , the map 

[0,1] X C°(X,X) ->C°(X,X) : (t,7) ^ F.F,o(t,7,p) 

zs globally Lipschitz with respect to the second argument. Moreover, there exists a K > 
such that for all f & F , t E [0, 1] and 7, 70 G Cjr{X, X) 



\Fjr^o{t,'j,p) - FF,o(t,7o,p)||/,o <K-\\'j- 7o||/,o- 



Proof. We have 



FT,o{t,l,p) - F^,oit,lo,p) =gx{p{t),l) - 9xip{t),lo), 



and deduce from equation (4.2.1.2) in ILemma 4.2. II that 



||^.F,o(i,7,P) - ^^,o(i^,7o,p)||/,o < Ib(^)l|ix,ill7 -7o||/,o- 
Since p{[0, 1]) is a compact (and therefore bounded) subset of C^{X,X), 



K ■= sup |b(t)||i;,,i 
ie[o,i] 



is finite. This proves the assertion. 



□ 
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4.4.2. Solving the differential equation 

In this section we show that the regularity differential equation for Diffyy(X) can be 
solved. In order to do this, we use that C^{X,X) is a projective limit of Banach 



spaces, see [Proposition 3.2.5| We shall solve the differential equation on each step of the 
projective limit, see that these solutions are compatible with the bonding morphisms 
of the projective limit and thus obtain a solution on the limit. First, we solve (14.4.2. ip 
on a Banach space. To this end, we need tools from the theory of ordinary differential 
equations on Banach spaces. The required facts are described in [appendix C 



The Banach space case 



Lemma 4.4.9. Let X be a Banach space, J-", W C R with Ix G ^ ^ W and \ J-'\ < oo, 
p G C°°([0, 1], C{^(X, X)) and k = 0. Then the initial value problem 04.4.2. ip correspond- 
ing to p has a unique solution which is defined on the whole interval [0, 1]. 

Proof. We stated in lLemma 4.4.81 that FjrQ[-,p) satisfies a (global) Lipschitz condition 
with respect to the second argument. Since Cjr{X,X) is a Banach space, there exists a 
unique solution 

r:[0,l]^C°(X,X) 

of (14.4.2. ip which is defined on the whole interval [0.1]: see |Die60l §10.6.1] or Theo- 
rem C.2.5 and lLemma C.2.31 □ 

Lemma 4.4.10. Let X be a Banach space and W C R with Ix G W. Further, let T\, 
J-2 be finite subsets ofW with Ix € J-'i and T\ C J^2- -^et /ci, A;2 G N with k\ < k2 and 
PGC-([0,1],C^(X,X)). // 

r^„fc, : h ^ C'j.\{X,X) resp. r^,,^, : I, ^ C%{X,X) 

are solutions of (14.4.2. ip corresponding to p, then 

^Ti,ki\hni2 = '^{TxM),{^2M) ° rj:-2,fc2l/in/2- (4.4.10.1) 



Proof. Since is a solution to (I4.4.2.ip . using equation (4.4.7.1) in lLemma 4.4.7l one 

easily verifies that for t G Ji fl /2 

(^(J-l,fcl),{J-2,fe2) ° rj-2,fc2)'W = (^(J-l,fcl),{J-2,fc2) ° r^2,fc2)(^) 

Hence Tjr^ and L-{TiM),iJ^2M) °^J^2,k2 solutions to the initial value problem (I4.4.2.ip 
corresponding to J-'i, ki and p. Since solutions to (14.4.2. ip are uniquely determined 
(C^^(X, X) is a Banach space, so we can apply |Die60l §10.5.2]), we get the desired 
identity fl4.4.1().ip . □ 
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Definition 4.4.11. Let X be a Banach space and W C R with Ix G W. Further, let 

be a subset of W with Ix G J", A; G N and T : [0, 1] C^{X,X) and P : [0, 1] 
C^{X,L{X)) be continuous curves. We define the continuous map 

: [0, 1] X C^(X, L(X)) ^ C'AX, L(X)) 
:(t,7)^(P(t)o(r(t) + idx))-(7 + id) 

and consider the initial value problem 



$(0) = 0. 



(4.4.11.1) 



Lemma 4.4.12. Let X be a Banach space and W C M with Ix E W. Further, let T 
he a subset ofW with Ix e k e N and p e C°°([0, 1],C^{X,X)). If 

Tfc : [0, 1] ^ C>(X,X) and T^+i : / C [0, 1] ^ C>+i(X,X) 

are solutions to ( I4.4.2.ip corresponding to p, then the curve D o r^+i is a solution to the 
initial value problem fl4.4.11.ip with T = Tk and P = D o p. In particular, for t E I we 
have 

{DoT,^,nt) = G%^°'{t,iDoT,^,)it)). 

Proof. We have 

(D o r,+i)' = D o r,+, 

and therefore for t G / 

{D o Ffc+i)' (t) = D {t, Tk+i (t) , p) 

= {Dp{t) o {Tk+i{t) + idx)) ■ {DTk+i{t) + id). 

From [Lemma 4.4. lOt we know that = i(r,k),{T,k+i) ° r^+i: 

= ((Doj9)(t)o(Ffc(t) + idx)) ■ ((DoF,+i)(t)+id) 

= Gj-^°^(t,(DoF,^.i)(t)), 
and obviously {D o Ffc_|_i)(0) = 0, so the assertion is proved. □ 



Lemma 4.4.13. Let X be a Banach space, W C M with Ix G W, J-" C W finite with 
Ix G -F, p G C°°([0, 1],C^(X,X)) and A; G N. T/ien the initial value problem (14.4.2. 1|) 
corresponding to p has a unique solution which is defined on the whole interval [0, 1]. 

Proof. This is proved by induction on k. The case A; = was treated in ILemma 4.4.91 

k ^ k + 1: We denote the solutions for k and with F^ and Fq, respectively. Since 
the function Fj^^^+i is smooth and C^'^^(X, X) is a Banach space, there exists a unique 
maximal solution F^+i : / C^+^(X, X) to (14.4.2. ip (see [Proposition C.lT2| ). Using 



66 



4. Lie groups of weighted diffeomorphisms 



ILemma 4.4. 12| we conclude that D o Tk+i is a solution to fl4.4.11.ip . Since the latter 
ODE is linear, there exists an unique solution 

^: [0,1]^C^(X,L(X)) 

that is defined on the whole interval [0, 1] (see |Die60t §10.6.3] or lTheorem C.2.5|) . Let 

L : C^+\X,X) -> C^(X,X) X C^(X,L(X)) 



be the embedding from Proposition 3.2.3 We have 



rfc+i(/)c.-i(ro([o,i])xS([o,i])), 

and since ro([0, 1]) x ^([0, 1]) is compact and the image of 6 is a closed subset of 
Cjr{X, X) X C^{X, L(X)) (by Proposition 3.2.8) and t^^ is a homeomorphism, the image 



of Ffc+i is contained in a compact set. Since T^+i is maximal, this implies that Ffe+i 
must be defined on the whole of [0, 1]; see [Theorem C.2.51 □ 

^ 

Lemma 4.4.14. Let X be a Banach space, W C M with Ix G W, C VV finite 
with Ix e J' and k E N. For each p E C°°([0, l],C^{X,X)), let F^,. be the solution to 
( I4.4.2.ip corresponding to p. Then the map 

<l>^,fc : [0, 1] X C°°([0, 1],C^(X,X)) ^ C>(X,X) : {t,p) ^ F^_,(t) 

is smooth. 

Proof. Since the map C°°([0, 1],C^(X,X)) C^(X,X) : j9 h-> is smooth, this follows 



from Corollary C.3.7 □ 



The general case 



Proposition 4.4.15. Let X be a Banach space and W C M with Ix E W. For each 
p E C°°{[0, 1],C^(X, X)) there exists a solution F^^ to 04.4.2. ip which corresponds to 
p, W and oo. The map 

$ : [0,1] X C°^([0,1],C^(X,X)) ^C^(X,X) : {t,p) ^ Tl^Jt) (4.4.15.1) 

is smooth. 

Proof. The space C^(X, X) is the projective limit of 

{C^(X, X):kEN,TCW,\T\< oo, Ix G J"}, 



see 



Proposition 3.2.5 Applying the universal property of the projective limit to the 



solutions ^jr^k of (14.4.2. ip mentioned in ILemma 4.4.141 (which is possible because of 



ILemma 4.4. lOp we get an unique map 

[0,1] xC°°([0,l],C^(X,X)) ^C^(X,X) 
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such that 

'•(J-,fc),(W,oo) O $ = $jrfc 

for each finite set J-" C VV with Ix G ^ and G N. The map $ is smooth by 



Proposition A. 2. 3 It remains to show that for each p G C°°([0, 1], C^(X, X)), the map 

% ■= ^'|[0,l]x{p} 

is a solution to (14.4.2. ip that corresponds to p, W and oo. For each finite set J-" C VV 
with Ix G J" and /c G N we get for t G [0, 1] 



('■(J-,fc),(W,oo) O ^'p)it) = ('•(J-,fc),(W,oo) o ^pYi^) 

= (''(J-,fc),(W,oo) O Fy^,oo){t, 

using [Lemma 4.C71 Since the i(j^^k),{w,oo) are the hmit maps, 

<f;(t) = i^w,oo(t,$p(t),p), 

hence each $p is a solution to fj4.4.2.ip . □ 



Theorem 4.4.16. Let X be a Banach space and W C M with Ix G W. Then the Lie 
group Diff|^(X) is regular. 



Proof. We proved in Proposition 4.4.15 that for each smooth curve p : [0, 1] — )■ C^{X, X) 
the initial value problem fl4.4.2.ip has a solution Tp : [0, 1] — C^{X,X) and that the 
map 

F : [0, 1] X C°^([0, ^ C^(X,X) : ^ Fp(t) 

is smooth. Obviously, F maps [0, 1] x {0} to 0. Since K^{DiSy^{X)) is an open neigh- 
borhood of in C^{X,X) (see [Corollary 4.3.14 ) and F is continuous, a compactness 



argument gives a neighborhood f/ of such that 

F([0,l]xf/)C/s:^i(Diff^(X)). 

We recorded in lLemma 4.4.3l that this is equivalent to the existence of an open neighbor- 
hood \^ of G C°°([0, 1], C^(X, X)) such that for each j & V, there exists an right evolu- 
tion Evol^.g^(.^^(7) and that evol^jg^^^^^ly is smooth. But we know from lLemma B.2.T0] 
that this entails the regularity of Diffyy(X). □ 
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5. Integration of certain Lie algebras of vector fields 

The aim of this section is the integration of Lie algebras that arise as the semidirect 
product of a weighted function space C^{X,X) and L(G), where G is a subgroup of 
Diff (X) which is a Lie group with respect to composition and inversion of functions. 

The canonical candidate for this purpose is the semidirect product of Diffyy(X) and 
G - if it can be constructed. Hence we need criteria when 

G X Dif[y^{X) Difr(X) : (T» ^ T o (/) o T'^ 

takes its image in Diffyy(X) and is smooth. 

5.1. On the smoothness of the conjugation action on Diff^(X)o 

We slightly generalize our approach by allowing arbitrary Lie groups to act on DiSy^{X). 
We need the following notation. 

Definition 5.1.1. Let G be a group and a; : G x M — > M an action of G on the set M. 

(a) For g E G, we denote the partial map (x!{g, ■) : M ^ M by ujg. 

(b) Assume that G is a locally convex Lie group, M a smooth manifold and ui is 
smooth. We define the linear map 

Co : L(G) ^ X(M) 

by 

u}{x){m) = —TeUj{-,m){x). 
Note that u takes its values in the smooth vector fields because u is smooth. 

Now we can state a first criterion for smoothness of the conjugation action - however 
only on the connected component Diffyy(X)o of Diffyy(X). 

Lemma 5.1.2. Let X be a Banach space, W C M with Ix G W, G a Lie group and 
CO : G X X ^ X a smooth action. We define the map 

a:Gx BiSyy(X) DiS(X) : (T, cj)) ^ ut o oa;T-i. 

Assume that there exists an open set Q G Wg(1) such that the maps 

C^{X, X)xQ^ C^{X, X) : (7, T) ^ 7 o ujt (5.1.2.1) 

and 

C^{X,X)xn^C^{X,X) : (7,T)^L>a;T-7 (5.1.2.2) 
are well-defined and smooth. 
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(a) Then for each open identity neighborhood f/yv ^ Diffyy(X) such that idx] := 
{t(f) + (1 - t) idx : t G [0, 1]} C Diff^(X) for each (p G f/w, the map 

iSl n VL-^) xU^^ Endw(X) : (T, 0) ^ a{T, 0) (f) 

is well-defined and smooth. 

(b) Suppose that Q = G. Then the map 

G X Diff^(X)o ^ Diffw(X)o : (T, 0) h> a(T, 0) (ff) 

zs well-defined and smooth. 

Proof, (a) Using Corollary 4.2.6 ITheorem 4.3.171 and the smoothness of (I5.1.2.ip and 
(I5.1.2.2p . for each t e [0, 1], T G H fi"^ and G f/w we see that 

^t,T,^ := (DcuT ■ ((0 - idx) o {t<f) +{l-t) idx)-')) o (t0 + (1 - 1) idx) o oo^' G C^{X, X), 

and '?/'t,T,(/i is a smooth map. Further, using that t0 + (1 — t) idx is a diffeomorphism for 
each t G [0, 1], we calculate 

{ut O (f) O IjJt-1-){x) — X 

= {ujt o (j) o ijj^'^){x) — {ujt o ^t^){x) 

= [ Dujt o {t(p +{l-t) idx)(w^^(a;)) • (0 - idx)(w^^(x)) dt 
Jo 

= [ {Dlot ■ ((0 - idx) o (t0 +{l-t) idx)-')) o (t0 + (1 - t) iAx){uJt\x)) dt- 
Jo 

Hence ujt ^ (p o ut-i — idx = Jq 'ipt,T,(t> dt G C^{X, X) by Proposition A. 1.8 using that 
we proved in Corollary 3.2. 12| that C^{X,X) is complete. 

Since 'ipt,T,<i) is smooth as a function of t, T and 0, we can use Proposition A. 2. 9 to see 
that ([t]) is defined and smooth. 

(b) Since Diffyy(X) is locally convex, we find a symmetric open [/w G U{idx) such that 
[t/>v,idx] ^ Diffyy(X). Using the symmetry of t/vv and the results of (a), we see that 
a{G X f/yv) ^ Diffyy(X)o. Since Uy\; generates Diffyy(X)o, we can apply [Lemma B.2.131 
to conclude that a{G x Diffyy(X)o) C Diffyy(X)o. Further ( ppfj ) is smooth by (a) and 
ILemma B.2TT1 □ 

So all we need are criteria for the smoothness of the maps f l5.1.2.ip and f l5.1.2.2p . This 
will be the topic of the next two subsections. 



5.2. Bilinear action on weighted functions 

We first elaborate on the map (I5.1.2.2p . To this end, we define a class of functions, 
the multipliers. These have the property that for a multiplier M, a weighted function 
7 and a continuous bilinear map b, the map b o (M, 7) is a weighted function. Finally, 
we provide a criterion ensuring that a topology on a set of multipliers makes the map 
(M, 7) I— )■ 6 o (M, 7) continuous. 
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5.2.1. Multipliers 

Definition 5.2.1. Let X be a normed space, f/ C X an open nonempty subset, and 
W C M a nonempty set of weights. We define W C M as the set of functions / for 
which ||-||/,o is a continuous seminorm on Cy^{U, Y), for each normed space Y. Obviously 
W C VV and by ILemma 3.2.2\ \\-\\f/ is a continuous seminorm on C^{U,Y), provided 
that £ <k. 

Definition 5.2.2. Let X be a normed space, f/ C X an open nonempty set and W C 
a nonempty set of weights. 

(a) A function g : U — > M is called a multiplicative weight (for Wj if 

{WfeW)f-geW. 

(b) Let Y be another normed space and A; G N. A C'^-map M : U Z is called a 
k-multiplier (for W) if \\D'^'^^ M\\op is a multiplicative weight for all £ G N with 
i < k. An oo-multiplier is also called a multiplier. 

Lemma 5.2.3. Let X and Y be normed spaces, U X an open nonempty set, W C 
a nonempty set of weights and A; G N. 

(a) The set of k -multipliers from U to Y is a vector space. 

(b) A map M : U ^ Y is a {k + l)-multiplier iff M is a 0-multiplier and DM : U — i- 
L(X, y) is a k-multiplier. 

Proof, (a) This is obvious from the definition. 

(b) This follows from the identity \\D^^\DM)\\op = \\D^-^+'^'> M\\op, see ILemma 3X21 □ 

Lemma 5.2.4. Let X , Yi, Y2 and Z be normed spaces, U X an open nonempty set, 
W C M a nonempty set of weights and G N. Further, let b : Yi x Y2 ^ Z be a 
continuous bilinear map, M :[/—)■ Yi a k-multiplier and 7 G Cy^{U, Y2). Then 

bo{M,j)eC^{U,Z). 

Moreover, the map 

C^U, I2) ^ C^(f/, Z) : 7 6 o (M, 7) (t) 
is continuous linear and hence smooth. 

Proof. For k < 00 the proof is by induction on k: 
k = 0: We calculate for x G f/ and / G W: 

|/(x)|||(6o(M,7))(x)|| < ||6||,,|/(x)|||M(a;)|| ||7(a:)|| < ||6||op ||7|||/|.||m||,o, 
and since ||M|| is a multiplicative weight, the right hand side is finite. Hence 

||6o (M, 7)11^,0 < ll&l|op||7ll|/|.||Af||,o, 
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entailing that b o (M, 7) G Cy^{U, Z) and the hnear map ([f]) is continuous. 

k — )■ k + 1: Using Proposition 3.2.3 we just need to prove that D{b o (M, 7)) G 

C^{U, L(X, Z)) and that the map 

C^^\U, Y2) ^ C^v(f/, L(X, Z)) : 7 D(6 o (M, 7)) 

is continuous. Using ILemma 3.3.21 we get 

D{h o (M, 7)) = 6(1) o (DM, 7) + 6(2) o (M, L)7); 

for the definition of the maps 6^*^ see [section 3.3.11 So by applying the inductive 
hypothesis to the maps 6(1) o (DM, 7) and 6^2) o (M, D7) (by[L emma 5.2.3t -DM is a fc- 
multiplier), we see that D(6o (M, 7)) is in C^(f/, L(X, Z)) and the map ([f]) is continuous, 
/c = 00: From the assertions already established, we derive the commutative diagram 



b{M,-)t 



■c^iu,z) 



b{M,-), 



for each n G N, where the vertical arrows represent the inclusion maps. With Corollary 3.2.6 
we easily deduce the continuity of 6(M, ■)*,oo from the one of 6(M, ■)*. □ 



Topologies on spaces of multipliers 

Lemma 5.2.5. Let X , Yi, Y2 and Z he normed spaces, U ^ X an open nonempty set, 
W C M a nonempty set of weights. A; G N and b : Yi x Y2 Z a continuous bilinear 
map. Further, let T he a topological space and {Mt)ti^t ^ family of k-multipliers such 
that 

{Vf eW,T eT,ieN:i< k){3g G W) 

(V£ > 0){3n eUr{T))\/S G : I/I ||D(^)(Mr-M5)|| < £|^|. (5.2.5.1) 



Then the map 



r X C^iU, Y2) ^ C^iU, Z) : (T, 7) 6 o (Mr, 7) 



(t) 



which is defined hy Lemma 5.2.4 continuous 



Proof. For k < 00. the proof is by induction on k. 
k = 0: For S,T & T and 'y,ri E Cy^{U, Y2), we have 

6 o {Ms, r])-bo {Mt, 7) = 6 o (M5, - 7) + 6 o (M5 - Mr, 7)- 

We treat each summand separately. To this end, let / G W and x E U. Then we 
calculate for first summand 



|/(x)| ||6(M<,(x), (7 - v)ix)\\ < \\b\Uf{x)\ \\Ms{x)\\ 11(7 - vK^ 
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For the second summand we get 

\f{x)\\\bo{Ms-MT,i){x)\\ < 



I op 



\f{x)\\\{Ms-MT){x)\\ ||7(x) 



Let g eW as in Condition (5.2.5.1) Given e > 0, let i7 G Wr(T) be as in Condition (5.2.5.1) 
For S & Q, we derive from the estimates above that 

\fix)\\\ibo {Ms,v) - bo iMTn))ix)\\ < ||&||op(||7-^ll/.||A/sli,o + £||7ll9,o). 

As the right hand side can be made arbitrarily small, we see that ([f]) is continuous. 

k ^ k + 1: Using Proposition 3.2.3"} we just need to prove that for 7 G C^{U, Y2) and 
T e r, the map D{bo {Mt, 7)) G C^(f/, L(X, Z)) and that 

r X C^+i(f/, Y2) ^ CUU, L{X, Z)) : 7 ^ D{b o {Mt, 7)) 

is continuous. Using [Lemma 3.3.21 we get 

D{b o {Mt, 7)) = b^^^ o (L)Mr, 7) + b^^^ o (M^, £'7), 

with b^''^ as in [section 3.3.11 So by applying the inductive hypothesis to the maps 
6(1) o {DMt, 7) and fe^^) o (Mt, L'7), we see that D{b o (M^, 7)) is in C^([/, L(X, Z)) and 
the map ([f]) is continuous. 

k = 00: From the assertions already established, we derive the commutative diagram 



rxc^{u,Y2) 



■c^{u,z) 



TxCUU,Y2) 



^C^{U,Z) 



for each n G M, where the vertical arrows represent the inclusion maps. With Corollary 3.2.6 
we easily deduce the continuity of 6* 00 from the one of 6^,. □ 



5.3. Contravariant composition on weighted functions 

Here we prove sufficient conditions that make (15.1.2.11) smooth. Since the second factor 
of the domain of this map in general is not contained in a vector space, we have to wrestle 
with certain technical difficulties, leading to the definition of a notion of logarithmically 
hounded identity neighborhoods in Lie groups. 

Lemma 5.3.1. Let G he a Lie group and 00 : G x M ^ M a smooth action of G on the 
smooth manifold M. 

(a) For any g E G, the identity 

Tu = Tug oTuo {TXg-i X idTA/) 
holds, where Xg-i : G ^ G denotes the left multiplication with g^^. 
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In the following, let S,T E G and W : [0,1] ^ G be a smooth curve with W{0) = S and 
W{1) = T. 

(b ) Let N be another smooth manifold and 'y : M ^ N aC^ — map. Then for t G [0, 1] 
and X G M, we have 

T{^oujo{Wx idM))(t, 1, = T7 o Tuwit){-i^iSe{W){t)){x)). (f) 

(c) Let X and Y be normed spaces. Assume that M is an open nonempty subset of 
X . Then for '~f,r] E C^{M, Y) and x G M , we have 

{-foujT){x) - {riouJs){x) 

-1 (5.3.1.1) 



= ((7 ^t){x) - I Dri{ujw{t){x)) ■ DuJw{t){x) ■ Lo{Si{W){t)){x) dt. 

Jo 

Proof, (a) We calculate for h E G and m E M that 

u{h,m) = ijj{gg^^h,m) = ijj{g,u{g~^h,m)) = Ug{uj{\g-i{h) ,rn)) . 

Applying the tangent functor gives the assertion. 

(b) We calculate 

T(7 o o (ly X idM))(t, 1, 0,.) = T7 o Tu{W'{t), 0,.) 

= T7 o Tuwit) o Tuj{W{ty^ ■ W'it), 0,) = T7 o Tuw(t)i-coiWity'W'it))ix)). 

Here we used (a). 

(c) With an insertion of we get 

(7 o ujt){x) -{rjo us){x) = ((7 -r])° ^t){x) + (t] o ujt){x) - {rj o ujs){x) 

We elaborate on the second summand: 

[r] o ujt){x) - (r/ o ujs){x) = ri{uj{W{l), x)) - ri{uj{W{0), x)) 

1 

D{rioujo{W X idu)){t,x) ■ (1,0) dt 







- / DT]{uw(t)ix)) ■ Dujw(t)ix) ■ uj{6eiW){t)){x) dt. 







Here we used equation (f) □ 



Definition 5.3.2. Let G be a Lie group and U C G, V C L(G') sets. We call a path 
W G CH[0, 1], G) V -logarithmically bounded if 6e{W){[0, 1]) C V. The set U is called 
V -logarithmically bounded if for all g,h E U there exists an l^-logarithmically bounded 
W G C°°([0, 1],V) with W{0) = g and W{1) = h. 
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Proposition 5.3.3. Let X and Y be normed spaces, U ^ X an open nonempty set, k G 
N, W C R a nonempty set of weights, G a locally convex Lie group and u : G xU — ?■ f/ 
a smooth action. Assume that there exists an open neighborhood Q of 1 in G such that 

(V/ G W, T G n)3g G >V(V£ > 0) 

3V G Wl(g)(0), ^ G Uq,{T) V -logarithmically bounded 

(VS G VI, V G V) : I/I ■ \\Dus-uj{v)\\ <e\gous\. (5.3.3.1) 

Further assume that W o uj'^'^ C W, and that for all m E N with m < k and normed 
spaces Z , the map 

C^{U, L(X, Z))xn^ C^{U, L(X, Z)) : (r, T) ^ r • Dut (5.3.3.2) 

is defined and continuous. 

(a) Then the map 

C^+i(f/, Y)xQ-^ CUU, Y) : (7, T) 7 o ut 
is well-defined and continuous. 

(b) Let £ G N*. Additionally assume that the maps 

C^{U, L(X, Y))xn^ C!^{U, L(X, Y)) ■.{T,T)^T- Dut (5.3.3.3) 

and 

C^U, L(X, Y)) X L(G) ^ C^{U, Y) : (r, t;) ^ T ■ coiv) (5.3.3.4) 
are well-defined and C^~^ . Then the map 

c : C+^(f/, r) X -> C!^{U, Y) : (7, T) ^ 7 o a;r 
is wii/i t/ie derivative 

rfc((7, ^); (71, 5i)) = -(^7 o a;^) ■ Dus ■ 00(8-' ■ S,) + 71 o us. (t) 
Proof, (a) For < 00, this is proved by induction on k. 



k = 0: Let 7, G C^(t/, F), T G f^and / G W. Let ^ G W as in [Condition (5.3.3.1 
Given e > 0, we find a neigliborliood QoiT and \^ G Wl(g) (0) sucli tliat Condition (5.3.3.1 



is satisfied. Using equation (5.3.1.1), we calculate for S E Q, an V^-logarithmically 
bounded path W : [0,1] —> Q connecting S and T, and x E U that 

\f{x)\\\{^ouT){x)-{vous){x)\\ 



<\fix)\ \\i{^-V)oC0T)ix) 



Dr]{(^wit)ix)) ■ DuJw{t)ix) ■ uj{5e{W){t)){x) dt 
<ll7-^llw,o+ / \fi^)\ ||/^r7(c^H'w(a:))||op- ||I^wm*)(^) ■^('^KW^)(i))(a^)N^ 



<h -V\\foco-\o + ^ / Kg ° (^w{t)){x)\\\Dr]{uJw{t){x))\\opdt 
Jo 

<h-v\\foc.-\o + 4v\\9,i- 
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The continuity at (7, rj) follows from this formula. 

k ^ k + 1: By Proposition 3.2.3 and the inductive hypothesis, we just need to check 
that the map 

C'^\U, Y)xQ^ CUU, L(X, Y)) : (7, T) ^ ^(7 o ut) 

is well-defined and continuous. For 7 e C^^(f/, Y) and T e n, we have 

D(7 o cot) = (-D7 o ujt) ■ Dujt- 

Hence by the inductive hypothesis and the continuity of fl5.3.3.2p . the induction is fin- 
ished. 



k = 00: This is an easy consequence of the case k < 00 and [Corollary 3.2^ 
(b) We prove this by induction on i. 

i = l: Let 7,7i G C^^+^(f/,r), S e Q and Si e Ts^. Further, let F : ] -5, 5[ ^ 
be a smooth curve with F(0) = S and F'(0) = Si. Then we calculate for a sufficiently 
small t 0: 

^((7 + ill) ° - 7 ° = y(7 ° wr(t) - 7 o + 7i o ur(t)- 



Using equation (5.3.1.1) we elaborate on the first summand: 



D'jiujr{st)ix)) ■ DuJr(st)ix) ■ uj{t5eiT){st)){x) ds. 



Hence 



-(70 U7r(t) - 7 o 



(L'7 o ojY{st)) ■ DujY{3t) ■ uj{6{,{T){st)) ds; 

note that the integral on the right hand side exists by ILemma 3.2.131 since the curve 

[0, 1] C^{U, Y):s^{D-fo LOT(st)) ■ DujTist) ■ u{5i{T){st)) 
is well-defined and continuous by (a) and the continuity of fl5.3.3.3p and (15.3.3.4^ . Hence 



by [Proposition A. 1.8^ 



lim -((7 + t7i) o wr(t) - 7 ° ^5) = -(^7 ° ^5) ■ D^s ■ (^{S ^ ■ 5"!) + 71 o los, 

so the directional derivatives of c exist, are of the form ([f]) and depend continuously on 
the directions by (a) and the continuity of fl5.3.3.3p and fl5.3.3.4p . 

1: Since fl5.3.3.3p and fl5.3.3.4p are by assumption, we conclude from ([f]) 
and the inductive hypothesis that dc is C^, whence c is C^'^^. □ 
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5.4. Examples 

Theorem 5.4.1. Let X be a Banach space, G a Lie group, u : G x X ^ X a smooth 
action and W C with Ix G W. Assume that {f o lut ■ f ^ yV,T E G} C W (we 
defined W m \Defimtion 5.2. {Dujt : T E G} C BC°°{X, L(X)), the maps 



D:G^ BC^{X, L(X)) : T ^ Dcut 



(t) 



and ( [5. 3. 3.4\} are well-defined and smooth and Condition (5.3.3.1) is satisfied. Then the 
map 

G X Diffw(X)o ^ Diffw(X)o : (T, 0) o o 

is well-defined and smooth. 

Proof. Since ([f]) is well-defined and smooth, we can apply Corollary 3.3.7 to see that 
fl5.1.2.2p is well-defined and smooth. Similarly, using Corollary 3.3.6 we see that f l5.3.3.2p 
and f l5.3.3.3p are well-defined and smooth. Hence Proposition 5.3.3 shows that f l5.1.2.ip 
is smooth. The assertion follows from lLemma 5.1^ □ 

Finally, we give a positive and a negative example. 

Example 5.4.2. Let X be a Banach space and G := GL(X). We define the action 

u : G X X X : {g,x) g{x). 



Then w 



id 



L(X) 



(since L(G') = L(X)), and for each S E G and x E X , us = S and 



DS{x) = S. Further, the map 

D:G^ BC°°{X, L(X)) -.S^DS 

is smooth. 

We now set W := {x t-^ WxW^ : n E N}. Then it is obvious that ilj(L{G)) = L(X) 
consists of multipliers. Further, Condition (5.2.5.1) is satisfied (where T = L(X) and 
the family of multipliers is given by idL(x)) since for A,B E L(X) and x E X 



\\{A-B)ix)\\ <\\A-B\ 



op 



and 



\D{A-B){x) 



\A-B\ 



\x\ 



op 



|0|| = for /c > 1. Hence we can applv [Lemma 5.2T5] to see that 



and \\D^''\A - B)\\ 
(I5.3.3.4P is smooth. 

Finally, let / = ||-||" G W, T E G and e > 0. There exists an open convex U E Ug{T) 
such that for all S E U, 



• \\S - T\\op < £ 



I "-^ 1 1 op ^ 1 1 1 1 op 
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. \\S\\op<2\\T\\op. 



Then the path W : [0, 1] G : t tT + {1 — t)S has the left logarithmic derivative 
5eiW){t) = W{t)-\T - S), hence U \s 5l(x)(0, 2||T||ope)-logarithmically bounded. We 
calculate for x G X, 5 G f/ and A G -Bl(x)(0, 2||T||op£:) that 



\\DLOsix)-LoiA)ix)\\ = WxrUS o A)ix)\\ < \\S\\op\\A\\op\\x 



in+l 



< 4\\T\\lpe\\S-'Sxr+' < £2"+3||T||2^||T-i^+i5x|r+^ 



Since x ^ 2"+3||T||2p||T-i||^p+i||x||"+^ G W, we see that [Condition (5.3.3.1) |is satisfied. 



So the assumptions of [Theorem 5.4.11 hold (since WoG C W is obviously true), hence 
the map 

GL(X) X Diff^(X)o ^ Diff^(X)o : (T, 0) T o o T'' 
is smooth. So using ILemma B.2.15| we can form the semidirect product 

Diff^(X)o X GL(X) 

with respect to the inner automorphisms induced by GL(X). 

Example 5.4.3. For each n G N, sin((l + ■^)nTi) = ±1, but sin(n7r) = 0. Hence the 
map 

GL(M) X BC°°(R, M) ^ BC\R, M) : (T, 7) 7 o T 
is discontinuous in (1, sin) since ||sin((l + ^)-) — sin||_|^ — each n eN. 



6. Lie group structures on weighted mapping groups 

In this section we will use the weighted function spaces discussed in [section 3) for the 
construction of locally convex Lie groups, the weighted mapping groups. These groups 
arise as subgroups of G'^ , where G is a suitable Lie group and U is an open nonempty 
subset of a normed space. 



6.1. Definitions 

Definition 6.1.1. Let f/ be a nonempty set and G be a group with the multiplication 
map rriG and the inversion map Iq- Then can be endowed with a group structure: 
The multiplication is given by 

{{9u)ueu, {hu)uGu) {mcigu, K))u(iU = mo o {{gu)ueu, {hu)ueu) 
and the inversion by 

{9u)ueu ^ {Ig{9u))u& = Ig° {9u)u<^u- 
Further we call a set A C G symmetric if 

A = lGiA). 
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Inductively, for n G N with n > 1 we define 

:=mG(A" X A), 

where A^ := A. 

Definition 6.1.2. Let G be a Lie group and (p : V L(G') a chart. We call the pair 
(0, V) centered around 1 or just centered if C G is an open identity neighborhood and 
0(1) = 0. 

6.2. Weighted maps into Banach Lie groups 

In this subsection, we discuss certain subgroups of , where G is a Banach Lie group 
and U an open subset of a normed space X. We construct a subgroup C^{U, G) consist- 
ing of weighted mappings that can be turned into a (connected) Lie group. Its modelling 
space is Cy^{U, L(G)), where G N and W is a set of weights on U containing lu. Later 
we prove that these groups are regular Lie groups. Finally, we discuss the case when 
U = X. Then Diffyy(X) acts on C^(X, G), and this we can turn the semidirect product 
of this Lie groups into a Lie group. 

6.2.1. Construction 

We construct the Lie group from local data using ILemma B.2.51 For a chart (0, V) of 
G, we can endow the set o C^{U,(j)(y)) C G^ with the manifold structure that 
turns into a chart. We then need to check whether the multiplication and inversion 
on G^ are smooth with respect to this manifold structure. The group operations on 
G^ arise as the composition of the corresponding operations on G with the mappings 
(see [Definition 6.L1|) . Since the group operations of Banach Lie groups are analytic, we 
will use the results of [section 3.3.41 as our main tools. The use of this tools allows to 
construct C^{U,G) when G is an analytic Lie group modelled on an arbitrary normed 
space. 

Remark 6.2.1. We call a Lie group G normed if L(G) is a normable space. A normed 
analytic Lie group is a normed Lie group which is an analytic Lie group. 

Multiplication The treatment of the group multiplication is a simple application of 
Proposition 3.3.18 

Lemma 6.2.2. Let X he a normed space, U X an open nonempty subset, W C 
with 1(7 G W, ^ G N, G an normed analytic Lie group with the group multiplication 
mo and {4>,V) a centered chart ofG. Then there exists an open identity neighborhood 
W ^ V such that the map 

C^\U, (j^iW)) X C%\U, <f>{W)) C'JiU, <f>{V)) : (7, 77) ^ o m,, o (0"! o 7, <j>-' o ry) (f) 

is defined and analytic. 
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Proof. By ILemma 3.4. 18| the map ([f]) is defined and analytic iff there exists an open 
identity neighborhood W G such that 

(0 o mc o (0-1 X r '))* : C^\U, (P{W) x 0(1^)) -> C%\U, 

is so. There exists an open bounded zero neighborhood Wl C L(G') such that Wl+Wl C 
(f){V). By the continuity of the multiphcation ma there exists an open 1-neighborhood 
W with X W) C (p'-^CWi)- We may assume w.l.o.g. that (j){W) is star-shaped 

with center 0. Then 

(0 o mc o (0-1 X 0-i))(0(l^) X 0(iy)) C Wl. 

Further the restriction of o mc o (0-^ x 0-^) to (piW) x 0(Vr) is analytic, takes (0, 0) 
to and has bounded image, since is centered and Wl is bounded. In the real case, 
using ILemma 3.3.171 we can choose 0(W^) sufficiently small such that the restriction 
of o rriG o (0-1 X 0-1) to 0(W^) has a good complexification. Hence we can apply 



Proposition 3.3.18 to see that 

(0 o mc o (0-1 X 0-1)) o C^'{U, <j){W) X (j){W)) e C^([/, Wl) 
and that the map (0 o o (0-i x 0-i))* is analytic. But 

CUU,WL)^C^\U,<PiV)) 
by the definition of Wl, and this gives the assertion. □ 

Inversion The discussion of the inversion is more delicate. For a short explanation, let 
(0, VF) be a chart for G, V O V a symmetric open identity neighborhood and Ig the 



inversion of G. Then the superposition oi (p o Iq o 0~^ described in Proposition 3.3.18 
does not necessarily map C^^{U, (f){V)) into itself; hence we have to work to construct 
symmetrical open subsets. 

Lemma 6.2.3. Let G be a group, U G a topological space and V ^ U a symmetric 
subset with 1 ^ V° such that the inversion Iq '■ V ^ V is continuous. Then 

is a symmetric set that is open in U and contains 1. 
Proof. LetW:=V°nlG{V°). Then 1 G IV, and since 

W-' = Ig{w) = Ig{v° n Ig{v°)) = Ig{v°) n Ig{Ig{v°)) = Ig{v°) nv° = w, 

it is a symmetric set. Since Ig is a homeomorphism, Ig{V°) is an open subset of V. 
Hence W = /g(^°) H V° is an open subset of V° and hence of U. □ 
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Lemma 6.2.4. Let X be a normed space, U X an open nonempty subset, W C 
with Ijj G W, i E N, G an normed analytic Lie group with the group inversion Iq, 
{(p, V) a centered chart of G such that (f){V) is bounded and V is symmetric. Then the 
following statements hold: 

(a) The map 

Ji := o Jg o : 0(V) -> 0(V) 

is an analytic bijective involution. Hence for any open and star-shaped set W C 
4>{V) with center 0, the map 

C^\U, W) ^ CUU, ^{V)) : 7 ^ /l o 7 
is analytic, assuming in the real case that Il\w has a good complexification. 

(b) LetncC^\U,(l){V)). Thencjy'^o (fi n Jl o Vt) is a symmetric subset of G^ . 

(c) For any open zero neighborhood W C ipiV) there exists an open convex zero neigh- 
borhood WOW such that 

c^\u, w) c c^\u, w)nho c^\u, w). 

(d) There exists an open convex zero neighborhood W C (piV) and a zero neighborhood 

C C^\U,(I){V)) such that 

c^'{u,w)c{cl^ynho{GUy, 

o Cyy is symmetric in G^ , the map 

^ : 7 Jl o 7 

is continuous and its restriction to {C^)° is analytic. The set W can be chosen 
independently of i and W. 

Proof, (a) The assertions concerning II follow from the fact that V is symmetric and G 
is an analytic Lie group. 



The assertion on the superposition map of II is a consequence of Proposition 3.3.18 
since W is star-shaped with center and (piV) is bounded. 

(b) This is an easy computation. 

(c) By the continuity of the addition, we find an open zero neighborhood H with 
H -\- H <0 W. Since II is continuous in there exists an open convex zero neighborhood 
W with hiW) CH andW CW. Then 



and by (a) 



C^'{U,W)CC^\U,W) 



h o W) C C^(f/, H) C C^\U, W). 
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The fact that II o = id(^(y) completes the argument. 

(d) Let C (j){V) be an open convex zero neighborhood. Then by (c) we find open 
convex zero neighborhoods Wi, W2 C (j){V) such that 

for i = 1,2. So 

:= c^'iu, Ws) n h o c^\u, W,) 

is a zero neighborhood, and by (b), o is symmetric. Hence the superposition 
of II maps into itself and is continuous on and analytic on (C^)° (see (a)). 
Further 

whence (d) is established with W := Wi. □ 



Construction of the Lie group structure After discussing the group operations lo- 
cally with respect to a chart of G, we are able to turn a subgroup of into a Lie group. 
We will also show that the identity component of this group does not depend on the 
chosen chart of G. 

Lemma 6.2.5. Let X and Y be normed spaces, U X an open nonempty subset, 
W C M with lu E W, i E N and V '^Y convex. Then the set C^{U, V) is convex. 

Proof. It is obvious that C^{U,V) is convex since V is so. The set C^^{U,V) is the 
interior of Cl^{U, V) with respect to the norm ||-||iy,0) hence it is convex. □ 

Proposition 6.2.6. Let X be a normed space, U X an open nonempty subset, 
W C M with 1[/ G W, i E N, G an normed analytic Lie group and (0, V) a cen- 
tered chart. There exist a subgroup {G,(l))y^g of G^ that can be turned into an analytic 
Lie group which is modelled on Cy^{U, L(G)); and an open 1-neighborhood W (^V which 
is independent of W and i such that 

is an analytic embedding onto an open set. Moreover, for any convex open zero neighbor- 
hood W C (f){W), the set (p"^ o C^{U, W) generates the identity component of {G, 0)^^ 
as a group. 

Proof. Using ILemma 6.2.21 we find an open 1-neighborhood W C V such that 
C^\U, <PiW)) X C^\U, 0(1^)) ^ C^\U, <P{V)) : (7, r/) ^ o o (0^1 o 7, 0"! o r^) 

is analytic. We may assume w.l.o.g. that W is symmetric. With [Lemma 6.2l4l (d) and 
ILemma 6.2.3\ we find an open zero neig hborhood H C C^\U, 0(1^)) such that 0-^ o H 
is symmetric, the map 

H H : J II o ■y 
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is analytic and C^^{U, (l){W)) C H for some open 1-neighborhood W V, which is 
independent of W and i. We endow (p^^ o H with the differential structure which turns 
the bijection 

(j)''^ oif— >if:7t— )-0o7 

into an analytic diffeomorphism. Then we can apply ILemma B.2.51 to construct an 
analytic Lie group structure on the subgroup {G,(f))y^g of which is generated by 
(f)~^ o H such that o H becomes an open subset of {G, (j))Y^ ^. 

Since we may assume w.l.o.g. that (f)iW) is convex, C^^{U, (f){W)) is open and convex 
(see ILemma 6.2.5|) . hence the set 

0-ioC^^(f/,0(W^)) 

is connected and open by the construction of the differential structure of {G, (j))y^ ^. 
Furthermore it obviously contains the unit element, whence it generates the identity 
component. □ 

Lemma 6.2.7. Let X be a normed space, U X an open nonempty subset, W C 
with ![/ G W, i E N and G be an normed analytic Lie group. Then for centered 
charts (01, Vi), {(f)2,V2), the identity component of {G , (j)i)y^ ^ coincides with the one of 
{G,(j)2)y\; e, o-nd the identity map between them is an analytic diffeomorphism. 



Proof. We may assume w.l.o.g. that (piiVi) and 02(^2) are bounded. Using Proposition 6.2.6 



we find open 1-neighborhoods Wi C Vi, W2 C V2 such that the identity component of 
(G, (t)i)y^ I is generated by o C^{U, (pi{Wi)) for i G {1, 2}. Since 0i o is analytic, 
we find open zero neig hborhoods Wf" C (f)i{Wi) and C 02(^^2) such that 

(01 o (j)2^){W^) C and Wl" + C 0i(iyi). 
We may assume w.l.o.g. that the identity component of (G,02)y^£ is generated by 

ct^-'oC'JiuM), 

and in the real case that 0i 0^^!??;^ has a good complexification. By Proposition 3.3.18 



the map 

C^viiU, W^) ^ C(f/, 0i(l^i)) : 7 01 o 0-1 o 7 
is defined and analytic, and this implies that 

02^ oc5,'([/,Ty2^) c 0-1 oci^(f/,0i(iyi)). 

Hence the identity component of (G, 02)^^ is contained in the one of (^,01)^^, and 
the inclusion map of the former into the latter is analytic. 

Exchanging the roles of 0i and 02 in the preceding argument, we get the assertion. □ 
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Definition 6.2.8. Let X be a normed space, f/ C X an open nonempty subset, W C 
with 1[/ G W, £ G N and G be an normed analytic Lie group. We write C^(f/, G) 



for the connected Lie group that was constructed in Proposition 6.2.6 There and in 
ILemma 6.2.71 it was proved that for any centered chart {(f), V) of G and W V such 
that (piW) is convex, the inverse map of 

C'JiU, <P{W)) ^ CUU, G) : 7 ^ ° 7 

is a chart. 

6.2.2. Regularity 

We show that for a Banach Lie group G, the Lie group C^{U, G) is regular. 
Lemma 6.2.9. Let G, H he Lie groups and cf) : G ^ H a Lie group morphism. 

(a) For each g & G and v G TgG, we have Tg(f){v) = (f){g) ■ Li{(f)){g~^ ■ v). 

(h) Lei 7 G CH[0, T/ien 5^(0 o 7) = L(0) o 5^(7). 

Proof. The proof of (a) being straightforward, we turn to (b). We calculate the derivative 
of o 7 using (a) and the fact that is a Lie group morphism: 

(0 o 7)'(t) = T(0 o 7)(t, 1) = T,(,)0(7'(t)) = 0(7(t)) ■ L(0)(7(t)-i ■ i{t)). 

From this we derive 

5,(0 o 7)(t) = (0 o 7)(t)-i . (0 o 7)'(t) = L(0)(7(t)-i ■ 7'(t)) = L(0)(5,(7)(t)), 

and the proof is finished. □ 

The following is well known from the theory of Banach Lie groups. 

Lemma 6.2.10. Let G he a Banach Lie group and V G W(l). Then there exists a 
halanced open W G Wl(g)(0) such that 

7 e C°([0, l\,W) =^ EvolS(7) G C°([0, 1],V). (6.2.10.1) 

Furthermore, the map evol^ : C°([0, 1], W) G is continuous. 

We define some terminology needed for the proof. 

Definition 6.2.11. Let X be a normed space, f/ C X an open nonempty set, W C 
with 1(7 G W, /c G N and G be a Banach Lie group. Further, let J^i, ^ such that 
1(7 G -Fi C and £1, £2 ^ N such that ^1 < ^2 < ^- We denote the inclusion 
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by i^fjr^/^)^{jr^^e^) and the inclusion 

C%{U,G)^C'j^^{U,G) 

by fj-2/2),(-Fi/i)- Further, we define l^^^^^ := if^^kUTuh) ^"^^ '^i/i •= ^fwrn^iAY '^^^^ 
for a suitable centered chart (0, V) of G, the diagram 

commutes. Hence we derive the identity 

Let X E U. We let ev^ resp. ev;^ denote the maps 

ev^ : Cj/^f/, G) ^ G : 7 ^ 7(a:) ev^ : Cj/^^, L(G)) ^ L(G) : 7 ^ 7(x). 
Obviously, the diagram 

'l g 

W >G 

commutes, so we derive the identity 

L(ev^) = To(j)-^ o Toev^ oTi0,. 

Remark 6.2.12. In the following, if is a locally convex vector space, we shall fre- 
quently identity TqE = {0} x E with E in the obvious way. Then for a Banach Lie 
group G and a centered chart {4>,V) of G such that (i(/)|L(G) = idL(G)! we can identify 
C^([/,L(G)) with L{C^{U,G)) via Tq^;:^ and Ti0„ respectively. 

Lemma 6.2.13. Let X be a normed space, U X an open nonempty set, W C 
wit/i 1(7 G W, A; G N G a Banach Lie group and (0, a centered chart for G such that 
d4>\'L{G) = idL(G)- Further, let x & U and T : [0, 1] — C^{U, L(G)) a smooth curve whose 
left evolution exists. Then ev^ oEvol^(To07"'^ o F) is the left evolution of ev^ oV . 

Proof. We set rj := Evol^(Tn(i)7^ o F) and calculate using ILemma 6.2.91 and Defini- 
tion 6.2.11 that 

5,(ev^ or]) = L(ev^) o 5,{r]) = Tq^"^ o Tq ev^ oTi0, o To0;^ o F = ev^ oF. 
This shows the assertion. □ 
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Proposition 6.2.14. Let X be a norraed space, U X an open nonempty set, W C 
with lu G W, k E N and G a Banach Lie group. Then the following assertions hold: 



(a) C^{U,G), endowed with the Lie group structure described in {Definition 6.2^ 
regular. 

(b) The exponential function of Cy^{U,G) is given by 

CUU, L(G)) ^ C^U, G) : 7 ^ expG 07, 
where we identify Cy^{U ,1^{G)) with 'L{Cy^{U , G)) . 
Proof, (a) Let (0, V) be a centered chart of G such that (i0|L(G) = idL(G)- We set 

F:={J^CW: 1c/GJ^, |J^| < 00}. 
After shrinking V , we may assume that the inverse map of 

c^/(u, V) c^^{u, G) : r ^ o r 



zs 



is a chart around the identity for J-" G F and £ G N with £ < k (see IDeflnition 6.2.8p . 
Let y C an open 1-neighborhood such that (f){V) + (f){V) C (f){V). We choose an 
open zero neighborhood W C (f){V) such that the imphcation (16.2. 10. ip holds. Let 
r : [0, 1] ^ Q (t/, W) be a smooth curve. Then Tjr^i := oT is smooth, and since 
Cjr{U, G) is a Banach Lie group, the curve Tq^-^ o Vjr^^ has a smooth left evolution 
Tjjr I : [0, 1] — 7- Cjr(f/, G). Then, for each x G f/, ev^ orjjr i is the left evolution of ev^ oFjr^^ 
by ILemma 6.2.131 Since we assumed that (16.2.10.1]) holds, we conclude that for each 
t G [0, 1], the image of r]jr i[t) is contained in V. 

Further, for J^i, ^ F such that J^i C and ^1, £2 ^ N such that ii < £2 < k, 



G 



To0* ^ o Toifj-2,^2),(j-i,^i) o Ti0, o Siiri^^^e^) = To0, ^ o T^^^^^ = Se{ri, 



Hence r/jr^,^^ = ^(3r2,^2),{-?^i/i) ° ^J^2 /2- So the family (0^ r]T,e)TeF,e<k is com patible with 
the inclusion maps, hence using [Proposition 3.2.5] and [Proposition A.2."3] we derive a 



smooth curve rj : [0, 1] C%''{U, (f){V)) such that for allj" G F and £ G N with i < k, 
we have ^orj = cj)^ o rjjr^. We set 77 := 0--"^ o rj. Then 



To0;'oToi^,oTi0,o5,(?;) = L(i^_^)o(5^(r^) = 5,(r^^, 



To0:'or^,, = To0;ioi^_,or, 



and since J-" and £ were arbitrary, we conclude (using Proposition 3.2.5 ) that Ti0* 
Snirf) = r and thus 
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It remains to show that the left evolution is smooth. To this end, we denote the left 
evolution of C^{U, G) with evoljr/ and the one of C!^{U, G) with evol. From our results 
above and [Definition 6. 2. lit we derive the commutative diagram 

C-([0, 1], W)) : 0- o 



''T.e 



Since the lower and left arrows represent smooth maps, the map 

0* ° '•^z ° 6vol o T^cj)'^^ = i o(j)^o evol o To^;^"^ 
is sn iooth on C°°([0. 1]. ([/. VT)). We conclude with Proposition A. 2. 3 and section 



3.2.2 that (f)^, o evol o To0~^ is smooth, and since (p^^ and To0~^ are dift'eomorphisms, 
using [Lemma B.2.10l we deduce that evol is smooth. 

(b) Let {(piV) be a centered chart of G such that (i(/)|L(G) = idL(G)- We denote the 
exponential function of C^{U,G) by expyy. Let x E U and 7 G C^{U,L(G)). We 
denote the constant, 7-valued curve from [0,1] to Cyy(f/, L(G)) by F. We proved in 
ILemma 6.2.131 that ev^ oEvol^(0~^ o F) is the left evolution of ev^ oF. On the other 
hand, since F is constant, the left evolution of ev^ oF is the restriction of the 1-parameter 
group M — )• G : t H-)- exp(^(t ev;^(7)). Hence 

expG(ev^(7)) = (ev^ oEvol^(0;i o F))(l) = ev^ oevol^(0;i o F) = ev^ o exp^(C'(7)). 

Thus expyy(0;|r^(7))(a;) = exp(j(7(x)), from which we conclude the assertion since x E U 
was arbitrary. □ 



6.2.3. Semidirect products with weighted diffeomorphisms 

In this subsection we discuss an action of the diffeomorphism group Diffyy(X) on the Lie 
group C^{X, G), where G is a Banach Lie group. This action can be used to construct 
the semidirect product C^{X, G) xi Diff|^(X) and turn it into a Lie group. For technical 
reasons, we first discuss the following action of Diffyy(X) on G^ . 

^ 

Definition 6.2.15. Let X be a Banach space, G a Banach Lie group and W C M with 
Ix £ VV. We define the map 

UJ : Diffw(X) X ^ : (0, 7) ^ 7 o 

It is easy to see that u is in fact a group action, and moreover that it is a group 
morphism in its second argument: 

Lemma 6.2.16. (a) u is a group action of DiSy^{X) on G^ . 
(b) For each cj) G Diffyy(X) the partial map u{(j), ■) is a group homomorphism. 
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Proof. These are easy computations. □ 

We show that this action leaves Cyy(X, G) invariant. Since we proved in lLemma 6.2.161 
that a; is a group morphism in its second argument, it suffices to show that it maps a 
generating set of C^{X, G) into this space. 

Lemma 6.2.17. Let X he a Banach space, G a Banach Lie group, W C R with 
Ix £ VV, (0, V) a centered chart of G and V an open identity neighborhood such that 
(piy) is convex. Then 

um^iX) X (0-1 o Cj-(X, 0(\/)))) C o C^~(X, 0(\/)), 

and the map 

Diff^(X) X C^°^(X, <j>{V)) ^ C^°^(X, 0(1^)) : 7) ^ o u{^^J, 0-^ o 7) 
is smooth. Moreover, 

u{Dm^{X) X C^iX,G)) C C^iX,G). 
Proof. Let ip be an element of Diffyy(X) and 7 G C^°°(X, (f){V)). Then 

Uil/j, 0-1 07)= 0-1 O (7 O ^/)-l), 



and using [Corollary 4.2.6| this proves the first and - together with [Proposition 4.3.16 
the second assertion. 

The final assertion follows immediately from the ffist assertion since we proved in 
ILemma 6.2.16l that a; is a group morphism in its second argument, and in lDefinition 6.2.8] 
that that C^{X, G) is generated by 0-i o C^''{X, (j){V)). □ 

So by restricting u to Diffyy(X) x C^{X,G), we get a group action of Diffyy(X) on 

Definition 6.2.18. We define 

UJ ■■= ^\Dis^ix)xc-ix,G) ■■ Diff,v(^) X C^iX, G) ^ C^(X, G) : (0, 7) ^ 7 o 0-i. 

Finally, we are able to turn the semidirect product C^(X, G) x^ Diffyy(X) into a Lie 
group. 



Theorem 6.2.19. Let X be a Banach space, G a Banach Lie group and W C M with 
Ix £ VV- Then C^{X,G) x^ Diffyy(X) can be turned into a Lie group modelled on 
C:^(X,L(G')) xC^(X,X). 

Proof. We proved in lLemma 6.2.17l that u is smooth on a neighborhood of (idx, 1), and 
since this neighborhood is the product of generators of Diffyy(X) resp. Cyy{X,G), we 
can use ILemma B.2.14l to see that u is smooth. Hence we can apply [Lemma B.2.15l and 
are home. □ 
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6.3. Weighted maps into locally convex Lie groups 

In this subsection, we need to consider the function spaces discussed in [section 3"^ 

Multiplication 

Lemma 6.3.1. Let X be a finite- dimensional space, U X an open nonempty subset, 
W C M with If/ G W, i & N, G a locally convex Lie group with the group multiplication 
rriG and {(t>,V) a centered chart ofG. Then there exists an open identity neighborhood 
W such that the map 

C'y,{U, cPiW))' X C^(f/, cPiW))' ^ C'y,{U, cPiV))' : (7, r/) 0omG o (0^1 07, or^) (f) 

is defined and smooth. 

Proof. By ILemma 3.4. 18t the map ([f]) is defined and smooth iff there exists an open 
neighborhood C G such that 

(0 o mc o (0-1 X 0-1)), : C^(?7, 0(1^) x 0(1^))' ^ C^(?7, 0(\/))' 

is so. By the continuity of the multiplication ma there exists an open subset W V 
such that mdW x W) C V. We may assume that 0(H^) is star-shaped with center 0. 
Since the map o mc o (0^1 x 0-i) is smooth and maps (0, 0) to 0, we can apply 



Proposition 3.4.22 to see that 

(0 o mc o (0-1 X 0-1)) o C^{U, 4>m X 0(iy))- C C^{U, ^{V)y 
and that the map (0 o mo o (0^^ x 0-i)), is smooth. □ 

Inversion 

Lemma 6.3.2. Let X be a finite- dimensional space, U ^ X an open nonempty subset, 
W C R with If/ G W, £ ^ N, G a locally convex Lie group with the group inversion 
Ig and (0, V) a centered chart such that V is symmetric. Further let W ^ V be a 
symmetric open 1-neighborhood such that there exists an open star-shaped set Wl with 
center and 0(1^) C Wl ^ <!){¥). Then for each 7 G C^(t/, 0(W^))*, 

(0o/GO0-i)o7GC(?7,iy)', 

and the map 

Cl^iU, (P{W))' ^ CUU, (p{W)y : 7 (0 o o 0-1) o 7 

is smooth. 

Proof. Since II := (j) o Iq o 0^^ : (f){V) — ?■ <f){V) is smooth and /l(0) = 0, we conclude 



with Proposition 3.4.22 that 

cUu, WlY -> cUu, ^{v)y : 7 ^ /l o 7 

is smooth. Since we proved in ILemma 3.4.19) that C^(f/, (j){W)y is an open subset of 
Cyy(f/, PVl)*, the restriction of this map is also smooth, and since W is symmetric, it 
takes values in this set. □ 
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Generation of the Lie group structure 

Lemma 6.3.3. Let X be a finite- dimensional space, U ^ X an open nonempty subset, 
W C R with Ijj G W, i & N, G a locally convex Lie group and (0, V) a centered 
chart. Then there exists a subgroup {G,(f))^^ of that can be turned into a Lie group. 
It is modelled on C^(f/, L(G'))* in such a way that there exists an open 1-neighborhood 
W CV such that 

CUU, m))' ^ (G, 0)^,, : ^ ^ 0-1 o 7 

becomes a srnooth embedding and its image is open. Further, for any subset W ^ W 
such that <f){W) is an open convex zero neighborhood. 



c'^{u,<j>{w)y 



generates the identity component of {G,(f))^ 

Proof. Using ILemma 6.3.11 we find an open 1-neighborhood W V such that 

C(f/, 4>{w)y X cUu, 0(w^))- -> cUu, 4>{v)y : (7, //) o o (0-1 o 7, 0-1 o ^) 

is smooth. We may assume w.l.o.g. that W is symmetric and that there exists an open 
star-shaped set H such that (piW) C if C 0(V). We know from ILemma 6.3^ that the 

set 

0-^oC^(f/,0(iy))-cG'^ 

is symmetric and 

cUu, <P{w)y cUu, <P{w)y : 7 ^ o o 0-^ o 7 

is smooth. We endow 0^^ oCy^{U, (f){W)y with the differential structure which turns the 
bijection 

0-1 o CUU, 0(1^))- ^ CUU, 0(W))- : 7 ^ ° 7 

into a smooth diffeomorphism. Then we can apply iLemma B. 2. 5 1 to construct a Lie group 
structure on the subgroup {G,(f))y^^ of G^ which is generated by 0-^ o C^{U,(f){W)y, 
such that 0-1 o Cl^{U, (j){W)y becomes an open subset. 

Moreover, for each open 1-neighborhood W ^ W such that 0(IV) is convex, the set 
Cy^{U, 0(Vr))* is convex (ILemma 3.4.23|) . Hence 0-i oCy^{U, (f){W)y is connected, and it 
is open by the construction of the differential structure of (G, 0)^ ^. Further it obviously 
contains the unit element, hence it generates the identity component. □ 

Lemma 6.3.4. Let X be a finite- dimensional space, U ^ X an open nonempty subset, 
W C M with 1(7 G yV, £ G N and G a locally convex Lie group. Then for centered 
charts (0i,Vi) and (02, V2), the identity component of{G,(j)i)y^^ coincides with the one 
of {G , (j)2)y\) i, and the identity map between them is a smooth diffeomorphism. 



90 



6. Lie group structures on weighted mapping groups 



Proof. Using iLemma 6.3.3\ we find open 1-neighborhoods Wi C Vi, W2 C V2 such that 
the identity component of (G, (pi)^^ ^ is generated by (f)'^ o C^{U^ (l)i{Wi))* for i G {1, 2}. 

Since 0io02^^ is smooth, we find an open convex zero neighborhood W2 ^ 02(W^in ^2)- 
By Proposition 3.4.22 the map 



is defined and smooth. This imphes that 

02-1 o cl^iu, w^y c o c^(f/, 0i(H^i))v 

Hence the identity component of ((7,02)^^ is contained in the one of (G, 0i)^^, and 
the inclusion map of the former into the latter is smooth. 

Exchanging the roles of 0i and 02 in the preceding argument, we get the assertion. □ 

Definition 6.3.5. Let X be a finite-dimensional space, f/ C X an open nonempty 
subset, W C R with Ijj G W, £ G N and G a locally convex Lie group. Henceforth, 
we write C-^(f/, G)* for the connected Lie group that was constructed in ILemma 6.3.31 
There and in ILemma 6.3.41 it was proved that for any centered chart (0, V) of G there 
exists an open 1-neighborhood W such that the inverse map of 

C^([/, m))' ^ C^U, G) : 7 ^ 0-' o 7 

is a chart, and that for any convex zero neighborhood W C 0(W^), the set 

generates C^{U, Gy . 



6.4. A larger Lie group 

In this subsection, we extend the Lie group described in IDefinition 6.3.51 Further, 
we show that this bigger group contains certain groups of rapidly decreasing mappings 
constructed in |BCR81| as open subgroups. 



6.4.1. A set of mappings 

Using ILemma B.2.5t it is possible to extend a Lie group G that is a subgroup of a larger 
group H by looking at its „smooth normalizer", that is all /i G if that normalize G and for 
which the inner automorphism, restricted to suitable 1-neighborhoods, is smooth. This 
approach has the disadvantage that we do not really know which maps are contained in 
the smooth normalizer. So in the following, we will define a subset of G^ and show that 
they form a group and are contained in the smooth normalizer of Cl^{U, Gy. 
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Definition 6.4.1. Let G be a locally convex Lie group, X a finite-dimensional vector 
space, f/ C X a nonempty open subset, W C M and A; G N. Then for any centered 
chart (0, V^) of G, compact set K ^ U and h G C^{U, M) with h = lu on a neighborhood 
of K we define M((0, V^), K, h) as the set 

{7 G C\U, G) : 7(f/ \K)CV^ and (1^; - h) ■ {<f> o 7)]^^^ e C^U \ K, L(G))'}. 

Further we define 

CUU,Gy^,^:= U M((0,\/^),ir,/.). 

(<t>,V^),K,h 



In the following, we show that C!^{U,Gy^^^ is a subgroup of G . 



Lemma 6.4.2. Let X be a finite- dimensional space, U X an open nonempty subset, 
Y a locally convex space and W C R . Let /c G N and 7 G C''{U, Y). 



(a) Suppose that 7 G C^{U,Y)* . Let A (1 U be a closed nonempty set such that 
jIuxa = and V U an open neighborhood of A. Then '~f\v G C^{V,Yy . 

(b) Let Ki C K2 ^ U be closed sets such that 'y\u\Ki ^ ^vvi^ \ -^i)^)* ^ ^ 
BC°°{U,M.) such that h = 1 on a neighborhood of K2- Then 

ilu-h)-j\u\K,eC^{U\K2,Yy. 

Proof (a) It is obvious that 7]^ G C^(V,F). Let / G W and £ G N with £ < k. For 
e > and p G A/'(F) there exists a compact set ii' C f/ such that ||7|(7\ft:||pj/ < e. 
The set K := K ri A is compact and contained in V. Further ||7|y\^||p,/,^ < ^ since 
D^Hu\A = 0. 



(b) Let V ^ K he open in U such that h\y = 1. Then by Corollary 3.4.17 



{lu-h)-j\u\K,eCUU\KuYy. 

Further {Ijj — h) ■ '^\u\(u\v) = 0. Since U \ K2 is an open neighborhood oi U \ V, an 
application of (a) finishes the proof. □ 

Lemma 6.4.3. Let X be a finite- dimensional vector space, U X an open nonempty 
subset, G a locally convex Lie group, W C R with 1^ G W and /c G N. Further, let 
7GM((0,\/^),ir,/i). 

(a) Then for each 1-neighborhood V C V^, there exists a compact set Ky C f/ such 
that for each map ky G C^(f/, R) with hy = 1 on a neighborhood of Ky, the map 

^eMmy,V),Ky,hy). 

(b) Let {ijj, Vfi,) be a centered chart. Then there exists a compact set C U such that 
7 G M(('?/', I/^), i^'^, h^) for each G C^{U, R) with = 1 on a neighborhood of 
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(c) Let rj G M{{(l),Vtf)),K,h). There exists a compact set L such that for each g G 
C^{U,M.) with g = 1 on a neighborhood of L, we have '~f,ri ^ M{{(j),V^),L,g). 

Proof, (a) Since {lu - h) ■ {(p o -f)\u\K e C^iU \ K, L(G))' and lu G W, there exists a 
compact set K ^ U such that 

ilu-h)-{<po^)({U\K)\k)C^{V). 

We define the compact set Ky := K U supp{h) and choose hy G C^{U,M.) with /iy = 1 
on a neighborhood of Ky- Using iLemma 6.4.21 and the fact that h = on U \ Ky, we 
see that 

(lu - hy) ■ (0 O 7)|^\^^ = (1^ - hy){lu - /l) ■ (0 O 7)1^^;,^ G \ Ky, L(G))-. 

Further we calculate using again that h = {] onU \ Ky: 

(0 O 7)(f/ \ Ky) = {lu - /i) ■ (0 O 7)((f/ \ K) \ Ky) C 0(\/). 

(b) There exists an open 1-neighborhood V (^V^PiV^ such that (piV) is star-shaped 
with center 0. We know from (a) that there exist a compact set K C [/ and a map 
h G C^{U, [0, 1]) with = 1 on a neighborhood of i^' such that 

^eMmy,V),k,h). 



We conclude with Proposition 3.4.22 that 

(V^ o 0-1) o ((1^ - /J) . (0 o 7) 1^^^ G C^(t/ \ i?, L{G))'. 

Let /i^ G C^{U, M) such that /i^ = 1 on a neighborhood of K^, where K^ := KUsnpp{h). 
We conclude with ILemma 6.4."2] that 

{lu - h^) ■ o 0-1) o ((1^ - /J) . (0 o ^)\u\K, e CUU \ K^, L(G))V 

Since {lu — h) = lu on U \ K^, the proof is finished, 
(c) We set L := supp(/;,) U supp (/;,). Then 

7{U\L)C^{U\K)CV^, 

and for g G C^{U, M) with g = 1 on & neighborhood of L we conclude using iLemma 6.4T2] 
that 

{lu -g)-{<Po ^)\u\u = {lu - g) ■ {lu -h)-{ct>o ^)\u\L G C^([/ \ L, L(G))V 

Since the argument for rj is the same, we are home. □ 

Lemma 6.4.4. Let X he a finite- dimensional vector space, U X an open nonempty 
subset, G a locally convex Lie group, W C R with l^/ G W and A; G N. Then the set 
C^{U,G)l,^^ is a subgroup of G^ . 
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Proof. Let V^) be a centered chart for G and C an open neighborhood of 1 
such that mciy x lQ(y)) C and (t){y) is star-shaped. We define the map 

Hg:V -^V^:{x,y)^ maix, Iciy))- 

Let ■y,ri E Cyy{U,G)'^^^^. Using iLemma 6.4T3] we find a compact set K C U and a map 
h e C^{U, [0, 1]) with h^lu on K such that 

j,r]eMmv,V),K,h). 

We define if,^ := (po Hgo (0^^ x 0^"'^)|yxy and want to show that there exists a compact 
set K and h G C^(f/, M) with /i = 1 on a neighborhood of such that Hq o (7,'/7) G 
M[[(l), V^p), K, h). It is obvious that 

{Hg o (7, v))iU \ K) C mciV x C \/^. 

Since we know with ILemma 3.4. 181 that 

(l^-/i)-(0o7,0or7) = ((l^-/i).(0o7),(l^-/i).((/.ory))GC^(f/\ir,L(G')xL(G'))-, 



we conclude using Proposition 3.4.22 that 

o ((1^ - /,) . (0 o 7, o r^)) G C^(f/ \ L(G))-. 

Further, K := K U supp(/i) is a compact set, so by ILemma 6.4.21 

{lu -h)-H^o {{lu - /i) ■ (0 o 7, o r^)) G C^U \ K, L{G))' 

for any h G C^{U, M) with /i = 1 on a neighborhood of i^. Since (1^ — h) = on U\K, 
{lu -h)-{<j)oHGO (7, 7]))\^^^ G C^(f/ \ K, L{G)y and hence 

HGoi^,r^)eMii^,V^),K,h). 
The proof is complete. □ 

6.4.2. Constructing a Lie group structure 

In this section, we show that Cy^{U,G)^^^ is contained in the smooth normalizer of 
C^{U, G)'. To this end, we show that each 7 G C^{U, G)max "^^^ be written as a product 
of a compactly supported C'^-map and a C'^'-map that takes values in the domain of an 
(arbitrary) chart. After that, we show that these two classes of mappings are contained 
in the smooth normalizer of C^{U, G)'. 

Lemma 6.4.5. Let X be a finite- dimensional space, U X an open nonempty subset, 
A C U a closed subset, Y a locally convex space, W C M with Ijj G W, k E N and 
7 G C^(f/ \ A, Y)'. Then the map 



'J : U -^Y:x\-^ 

IS m C^{U,Yy. 



7(x) ifxeU\A, 
else 
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Proof. Obviously, the assertion holds onU\A and A°, since 7 and its derivatives vanish 
on A°. We show that 7 is C'' on dA and it and its derivatives also vanish there. Since 
this is true iff for each p G the map vr^ o 7 is on dA and it and its derivatives 

vanish there, and the identity vTp o 7 = vr^ o 7 holds, we may assume w.l.o.g. that Y is 

normable. 

Since Ifj e W, for each £ G N with i < k, the map D^^'^'-f is continuous and hence 

mjec'^{u,L'{x,Y)y. 

Using ILemma 3.2. it remains to show that 7 is C'' with D^^^^ = D^^'i'j for all ^ G N 
with i < k. We show the assertion by an induction over i. 

i = 1: Let X G dA and /i G X. If there exists 6 > such that x+] —6,0]hCAoT 
x + [0,6[hC A, then Dh^{x) = = I>y{x)h. 

Otherwise, there exists a null sequence (t„)ngN in ] — 00, 0[ or ]0, oo[ such that for each 
77. G N, X + tnh eU \A. After replacing h by —h if necessary, we may assume w.l.o.g. 
that all tn are positive. Since lu G W, -D7 is continuous and D'j{x) = 0, given £ > we 
find 6 > such that for all s g] — 5, 

\\D-f{x + sh)\\op < e. 
We find an n G N such that t„ G] — 5, 6[. Then we define 

t := inf {r > :]r, t„] C f/ \ A} > 0. 

We calculate for r G]t, t„[: 



7(0; + tn/i) - 7(0; + rh) 



< 



7(0; + tnh) - 7(0; + rh) 



tn-r 



f D-l[x + {Stn + {I- s)T)h) ■ {tn- T)hds 

Jo 



< e\\h\\. 



But 7(x + rh) — )■ as r — > t, and hence 



7(x + t„/i) -7(3;) 




7(0; + 


tn 




tn 



< e\\h\\. 



Since e was arbitrary, we conclude that Dh'y{x) = = D'~f{x)h. 

i —7- Using the inductive hypothesis, we conclude that D7 is J-'C^, and D^^^D'y = 

BmD-i. Hence 7 is J'C^+\ so by ILemma A.3.141 D'^^^^^ = m+^-f. □ 

Proposition 6.4.6. Let X be a finite- dimensional space, U X an open nonempty 
subset, G a locally convex Lie group, W C R with lu G W, k E N, {(p, V^) a centered 
chart of G and 7 G C^(f/, Then there exist maps rj G M(((/), V^), 0, 0(/) and 

X^C^iU,G) such that 

7 = VX- 
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Proof. Using lUemma 6.4.31 we find a compact set K and h G C^(f/, [0,1]) such that 
7 G M{{(f), V^), K, h). Using iLemma 6.4.51 we see that 

r] := o {lu - hfi^o e M((0, V^), 0, Ou), 

and it is obvious that r/ 1 [/\supp{h) = 7 1 c/\supp{/i) • Hence 

and obviously 'J = rj ■ x- O 

We now show that the C'^-maps that take values in a suitable chart domain are con- 
tained in the smooth normalizer. 

Lemma 6.4.7. Let X be a finite- dimensional space, U X an open nonempty subset, 
G a locally convex Lie group, W C M with lu G W, G N and (0, V^) a centered chart 
of G. Further let C be an open 1-neighborhood such that 

and (piW^) is star-shaped with center 0. Then for each r] G M((0, PV^), 0, Ou), the map 
CUU, m^))' ^ a^iU, 0(\/^))- : 7 ^ o (r^ . (0-^ o 7) ■ r/^^) 

is smooth. 

Proof. As a consequence of Proposition 3.4.22 and ILemma 3.4. 18| the map 

■ill, 72, 73) o ((0^^ o 7i) ■ o 72) ■ (0"^ o 73)-^) 
is smooth. We easily deduce the desired assertion. □ 



Compactly supported mappings While the treatment of C'^'-maps with values in a 
suitable chart domain was straightforward, we need to develop other tools to deal with 
the compactly supported mappings. The main problem is that a compactly supported 
map must not take values in any chart domain. In the following two lemmas, we will 
deal with this situation. 

Lemma 6.4.8. Let X , Y and Z be locally convex spaces, U X , V O Y and W ^ Z 

open nonempty subsets, M a locally convex manifold and A; G N. Let T G C°°(M x V, W) 
and f] G C^{U, M). Then the map 

E:=To{r]X idy) : U x V ^ W 

has the following properties: 
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(a) The second partial derivative ofE is 

(^25 = {ti2 o T2r) o{rjX idvxy) 

and if k > 1, the first partial derivative ofE is 

diE = (7r2 o TiF) o (T77 x idy) o S, 

where 712 denotes the projection W x Z ^ Z on the second component, and S : 
U X V X X ^ U X X X V : {x,y,h) ^ {x,h,y) denotes the swap map. 

(h) For all x E U, the partial map E{x, ■) : V ^ W is smooth, and for all £ E N the 
map df^'E : U xVxY^^WisC^. 

(c) Assume that X has finite dimension. Then for 

Ai-.U xV ^ h{X, Z) : {x, y)^{h^ diS(x, y; h)) 

and 

A2:U xV X h{X, Y) h{X, Z) : (x, y, T) ^ {h ^ d2E{x, y; T-h)), 

all partial maps Ai{x, ■) and A2{x, ■) are smooth and all partial derivatives d2^Ai 
and d2^ A2 are C^~^ , respectively . 

Proof, (a) Using the chain rule we get 

o P = 7r2 o T5 o P = TTa o Tr o (T77 X idTy), 

where P : U x X xV xY ^ U xV x X xY permutes the middle arguments. Since 
diE{{x,y);hx) = dE{{x,y); {h^,0)) and d2E{{x,y);hy) = dE{{x,y);{0,hy)), we get the 
assertion. 

(b) It is obvious that the partial maps are smooth. We prove the second assertion by 
induction on £: 

£ — : This is obvious. 

£ — )■ ^ + 1 : In (a) we proved that d2E is of the same form as S. By the inductive 
hypothesis, 

df{d2E) -.U xV xY x{Y xYY 

is a C'^-map. But 

d^2'^'^^E{x, y; hi, /i2, ■ ■ ■ , he+i) = d'i\d2E){x, y, hi, (/i2, 0), . . . , {he+i, 0)), 



so d^2^'^E is 

(c) The partial maps Ai{x, •) and A2{x, •) are smooth and the maps d2^Ai and d2^A2 
are C*^~^ respective C'' iff for each h E X, the maps Ai{x, ■) • h and A2{x, ■) • h have the 
corresponding properties. By (a), 

Ai{x, y)-h = diE{x, y; h) = {712 o TiT) o {Tt] x idy) o S{x, y, h) 
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and 

A2{x, y,T)-h = d2E{x, y;T ■ h) = (vra o T2T) o (r/ x idyxy)(a;, y,T ■ h) 

= {tt2 o o Si) o (?7 X evh x idy) o S2{x, y, T). 

Here 5*1 and 5*2 denote the swap maps 

MxYxV^MxVxY, 

and 

U xV X L(X, Y)^U X L(X, Y) x V 

respectively. Since S, Si and S2 are restrictions of continuous linear maps, (b) applies 
to both Ai{x, ■) ■ h and A2{x, ■) ■ h. □ 

Lemma 6.4.9. Let X be a finite- dimensional space, U ^ X an open nonempty subset, 
Y and Z locally convex spaces, M a locally convex manifold, V Y an open zero 
neighborhood that is star-shaped with center 0, W C R with 1[/ G W and /c G N. 
Further, let T E C°°{M x V, Z) , and 9 G C^{U, M) such that the map 

H := r o X idv) -.U xV Z 

satisfies 

. E{U X {0}) = {0}, 

• There exists a compact set K C U such that H((f/ \ K) x V) = {0}. 
Then for any 7 G C^{U, V)' 

So(id^,7)GC^([/,Z)-, (t) 

and the map 

: C^(f/, Vy ^ C^([/, Z)* : 7 S o (idf;, 7) 

is smooth. 

Proof. We first prove the continuity of S^,, by induction on k: 

fc = : Let 7, G C^(f/, V)' such that the line segment {^7 + (1 - t)?7 : t G [0, 1]} C 
Cy^;(f/, V^)*. We easily prove using [Lemma 3.4. Ill that the set 

K := {tj{x) + (1 - t)r]{x) : t e [0,l],x e U} 

is relatively compact in V. Since c?2S is continuous by ILemma 6.4.81 (b) and satisfies 
d2E{U xV X {0}) = {0}, we conclude using the Wallace Lemma that for each p G J\f{Z), 
there exists q G J^{Y) such that 

d2E{K X K X Bg{0,l)) C Bp{0,l). 
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This relation implies that 

^xeK,yeK,heY : \\d2E{x,y;h)\\p< \\h\\g. 
For each x G f/, we calculate 

E{x,^{x)) — E{x,rj{x)) = / d2'^{x,t'y{x) + {1 — t)ri{x);'y{x) — ■r]{x)) dt. 

Jo 

Hence for each / G W, we have 

\\E{x,^{x)) -E{x,r]{x))\\p < \f{x)\ \\-f{x) - r]{x)\\g. 

Taking rj = 0, this estimate implies ([f]). Further, since we proved in lLemma 3.4.121 that 
C!^{U, Vy is open, 7 has a convex neighborhood in C!^{U, V)'; hence the estimate also 
implies the continuity of in 7. 

k k + 1 -.For each x e U, h e X and 7 e C^^(f/, V)*, we calculate 

d(E o (id(7, 7))(x; /i) = ■y{x); h, D'y{x) ■ h) 

= diE{x, 7(x); h) + d2'E{x, 7(x); D'y{x) ■ h). 

Recall the maps Ai and A2 defined in lLemma 6.4.8( c). We get the identity 

D{E o (id[;,7))(x) = {A, o (idt;,7))(x) + {A2 o (idc;,7,D7))W. 

We prove that Ai and satisfy the same properties as H does: For x & U, y & V, 
/i G X, we have 

A, {x, 0)-h = d,E{x, 0; h) = lim -(^ + 0) - -(^^ 0) ^ q, 

whence Ai{x, 0) = 0. Let x E U \ K. Then 

Ai[x, y) ■ h = di^[x, y; n) = lirn = 

since U \ K is open, hence Ai{x, y) = 0. 

As to A2, for X E U, y E V and h E X we calculate 

A2{x, y,0) ■ h = d2E{x, y;0 ■ h) = 0, 

whence A2{x, y,0) = 0. Let x e U \ K and T G L(X, F). Then 

, H(x,?/ + tT- /i) - 
A2(x, y,T)-h = d2^{x, y;T ■ h) = lim = 0, 

i-s>o r 

hence v42(x, T) = 0. 

So we can apply the inductive hypothesis to Ai and A2 and conclude that 

A, o (idx,7), A2 o (idx,7,^7) e C^(f/,L(X, Z)y 
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and the maps C^\U, V)' C^{U, L(X, Z))* 

7 Ai o (idx, 7) and •y A20 {idx, 7, -D7) 

are continuous. In view of ILemma 3.4. 10| the continuity of is estabhshed. 

We pass on to prove the smoothness of S,,. In order to do this, we have to examine 
(i22. By ILemma 6.4.81 (a), = 112° T^2^ o [$ x idyxy); and we easily see that 

d2E{U X {0} X {0}) = d2E{{U \K)xVxY) = {0}. 

Hence by the results already established, the map 

{d2E), : C^(f/, VxY)'^ CUU, Z)' : (7) ^ d2E o (id^;, 7) 

is defined and continuous. Now let 7 G C^{U, V)' and 71 G C^{U, Y)'. Since C^{U, V)' 
is open, there exists an r > such that {7 + S71 : s g] — r, r[} C Cy^{U, V)'. We calculate 
for x G f/ and t g] — r, r[\{0} (using [Lemma 3.4.181 implicitelv) that 

S.(7 + t7i)(x) -S,(7)(x) ^ 7(x) + t-fi{x)) - 7(x)) 

1 

rf2S((x, 7(x) + st7i(x)); 7i(x)) (is 

1 

(^22)* (7 + s)f:7i,7i)(x) (is. 









Hence by ILemma 3.4.71 and Proposition A. 1.8 S^, is with 

c?S*(7;7i) = (c^22)*(7,7i)- 

So using an easy induction argument we conclude from this identity that is for 
each £ G N and hence smooth. □ 

Now we are ready to deal with the inner automorphism induced by a compactly 
supported map. 

Lemma 6.4.10. Let X be a finite- dimensional space, U X an open nonempty subset, 
G a locally convex Lie group, W C M with lu G W, k E N and (0, V^) a centered chart 
for G. Let x £ C^{U,G). Then there exists an open 1-neighborhood C such that 
the map 

CUU, m4')y C^U, L(G))- : 7 ^ o (x ■ ' ° 7) " X'') (t) 
is defined and smooth. 

Proof. Since is compact, we can find an open 1-neighborhood W,^ C such that 

(yxeU)x{x)-W^-x{x)-' cv^- 
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we may assume w.l.o.g. that </)(lV0) is star-shaped with center 0. We define the smooth 
map 

N:Gx <f){W^) ^ L(G) : {g, y) ^ ^{g ■ <p-\y) ■ g'') " V- 
Then it is easy to see that 

iV o (x X id^(^w,)) : U X (^{W^) ^ L(G) 

satisfies the assumptions of ILemma 6A.9\ and that 

{No{xx id^(w^))) o (idc7, 7) = o (x ■ (0^^ o 7) ■ x~^) - 7- 

Hence the map 

C^U, m.^))' ^ CUU, L(G))- : 7 ^ o • (0-^ o 7) . X-') - 7 
is smooth. Since the vector space addition is smooth, ([f]) is defined and smooth. □ 

Conclusion Finally, we put everything together and show that C^{U,G)^^^ is con- 
tained in the smooth normalizer of C^{U,G)* . As mentioned above, we this allows the 
construction of a Lie group structure on C^{U, G)^^^. 

Lemma 6.4.11. Let X be a finite- dimensional space, U X an open nonempty subset, 
G a locally convex Lie group, W C M with 1^/ G W, A; G N and (0, V^) a centered chart 
for G. Let 9 G C^{U,G)'^^^. Then there exists an open 1-neighborhood C such 
that the map 

C(f/, m<t>))' ^ CUU, : 7 ^ ° • (0"' ° 7) ■ 0-^) (t) 

is defined and smooth. 

Proof. Let C be an open 1-neighborhood such that 



and 4>(y^) is star-shaped with center 0. According to Proposition 6.4.6 there exist 
ri G M((0,l^),0,Oc/) and x e C^iU.G) such that 9 = r] ■ x- Bv ILemma 6.4. ini there 
exists an open 1-neighborhood W^p C such that 

C^{U, 0(iy^))- ^ C^iU, cP{%)y : 7 ^ o (x ■ (0-^ o 7) . X-') 
is smooth, and by ILemma 6.4.71 the map 

C!^iU, <P{%)y ^ C!^iU, 0(V^))- : 7 ^ o (r^ . (0"! o 7) ■ r/'^) 
is also smooth. Composing these two maps, we obtain the assertion. □ 
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Theorem 6.4.12. Let X be a finite- dimensional space, U X an open nonempty sub- 
set, G a locally convex Lie group, W C R with l^/ G W and A; G N. Then C'^{U,G)*^^^ 
can be made into a Lie group that contains Cy^{U,G)* as an open normal subgroup. 

Proof. We showed in IDefinition 6.3751 that Cy^{U,G)* can be turned into a Lie group 
such that there exists a centered chart (0, V^) for which 

is an embedding and its image generates Cyy{U, G)*. Further, we proved in lLemma 6.4.41 
and lLemma 6.4. ill that Cy^{U, G)max is a subgroup of G^ and for each 9 G Cy^{U, G)^^^ 
there exists an open 1-neighborhood C such that the conjugation operation 

C^(f/, 0(1^^))- ^ CUU, : 7 ^ o (0 . (0-1 o 7) . 9-') 

is smooth. Hence ILemma B.2.51 gives the assertion. □ 

6.4.3. Comparison with groups of rapidly decreasing mappings 

In | BCR81l Section 4.2.1, pages 111-117], certain T-rapidly decreasing functions are 
defined and used to construct T-rapidly decreasing mappings. We compare the function 
spaces with our weighted decreasing functions and wiU see that the concepts coincide, 
provided that the weights satisfy the conditions specified by |BCR81] . 

W-rapidly decreasing functions We give the definition of the rapidly decreasing 
functions. 

Definition 6.4.13 (BCR- weights). Let m G N and W C [1, oo]*™ such that 
(Wl) for aU /, (7 G W, the sets f~^{oo) and g^^{oo) =: M^o coincide, 
(W2) W is directed upwards and contains a smaUest element /min defined by 



/"mill (•^) 



1 X ^Moo 

oo else, 



(W3) and for each /i G W there exists an /2 G W such that 

(Ve > 0)(3n G N) \x\ >noi fi{x) > n =^ fi{x) < e ■ f2{x). 

Furthermore each / G W has to be continuous on the complement of Moo- 

Definition 6.4.14 (W-rapidly decreasing functions). Let W be a set of weights as in 
IDefinition 6.4.13] U C open and nonempty and Y a locally convex space. A smooth 
function 7 : ?7 — )■ F is called W-rapidly decreasing if for each / G W and f3 G we 
have <9^7|(7nMoo = 0) the function 

/ ■ (9^7 : f/ ^ y 
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is continuous and bounded, where oo • = 0. The set 

S{U, Y; W) := {7 e C°°(f/, F) : 7 is W-rapidly decreasing} 
endowed with the seminorms 

hlljj := sup{g(/ ■ : X G f/, < k} 

(where q G f/{Y), /c G N and / G W) becomes a locally convex space. 

Comparison of S{U,Y;W) and C^{U,Y)' We now show that these function 
spaces coincide as topological vector spaces. To this end, we need the following technical 
lemma. 



Lemma 6.4.15. Let W be a set of weights as in Definition 6.4- L% U C M"* open and 



nonempty, F a locally convex space, 7 : f/ F a smooth function and (3 G N™'. Suppose 
that 9^7|(7nA/oo = ^'^^ that for each / G W the function 

f-d^-f-.U^F 

is bounded. Then for each f G W, the function f ■ 9^7 is continuous. 



Proof. Let / G W and x E U . If x ^ M^o nU, f ■ •y is continuous on a suitable 
neighborhood of x since / is so. 

Otherwise, d^'~f{x) = because d'^'-f is continuous. If there exists V G U{x) such that / 
is bounded on V \ Moo, the map / ■ dl^j is continuous on V because for y G V\ M^q and 
q G H{F) 



\\f{y)dHy) - f{^)d'i{x)\U = \\f{y)d'i{y)\U < ll/lnM.lloo||9^(y)|| 



9' 



and this estimate is valid for y G M^o- 

Otherwise, we choose (7 G W such that (W3) holds. Let e > 0. There exists an n G N 
such that ^ 

f[x) >n ^ f{x) < ——^ g{x). 

For q G A/'(-F) there exists V G U{x) such that for ?/ G 

\\dHy)\U<-. 

n 

Let y (^V . If f{y) > n, we calculate 

\\md'iiy)\U = fiy)\\dHy)\U < ,, .1 9iy)\\dHy)\U < e. 

Otherwise 

\\f{y)d^liy)\U<n\\d^yiy)\U<e. 
So the assertion holds in all cases. □ 
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Lemma 6.4.16. Let W be a set of weights as in Definition 6.4-13 . Then Cyy(f/, y) = 
S{U, Y] W) as a topological vector space. 

Proof. We first prove that C^{U, Y) = S{U, Y; W) as set. To this end, let 7 G C^{U, Y), 
f eW and 13 e N"". We set k := We know that for p G Af{Y), the map D'^'^^TTpO^) 
vanishes on Moo, and 

/■DW(7rp0 7):f/^L'=(M-,i;) 

is bounded. Since the evaluation L^(]R™',y^) — )► 1^ at a fixed point is continuous linear, 
the map / ■ 9^(vrp 07) = vfp o (/ ■ 9^7) : U — )■ 1^ is also bounded. Hence / ■ (9^7 is 
bounded, so an application of lLemma 6.4.151 gives 7 G S{U, Y; W). 

On the other hand, let 7 G S{U, Y; W) and /c G N. For each p G J^{Y), we get with 



equation (A. 4. 6.1) 



D(^)(7rp o 7) = J] 5, . 9"(7rp o 7) = ^ 5, . (vTp o ^"7) 
Hence for / G W 



|a|=fc |a|=A; 



ii7iip,/,fc < wiWpj ■ Yl w^'^w^p < (t) 

\a\=k 

So7GC^(f/,y). 

We see from ([f]) that for each p G A/'(F), / G W and A; G N the seminorm ||-||pj,fc 
is continuous on S{U,Y]yV). Since the seminorms \\-\\p j are obviously continuous on 
C^{U, Y), the spaces are the same as topological vector spaces. □ 

Remark 6.4.17. Let W be a set of weights as in IDehnition 6.4.131 Then 1[/ G W <^=^ 
= 0. But obviously C^U, Y) = C^u{i,}(f^> Y) and C^{U, Y)' = C^u{i,}(^> Y)' as 
topological vector spaces. 



Rapidly decreasing mappings In |BCR81t Section 4.2.1, page 117-118], the set of 
T-rapidly decreasing mappings is defined. We will show that these mappings are open 
subgroups ofC^(M-,G):;,,,. 

Definition 6.4.18 (BCR-groups). Let m G N, G a locally convex Lie group and W 
a set of weights as in [Definition 6.4.131 We define 5'(M"', G; W) as the set of smooth 
functions 7 : M™ G such that 

• 7(x) = 1 for each x G Mqo, and 7(x) — )■ 1 if — t- 00. 

• For any centered chart (0, V) of G and each open 1-neighborhood V with V V, 

0o7|^-i(v^)G 5(7^1(1^), L(G);W). 

In the next lemmas, we provide tools needed for the further discussion. 
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Lemma 6.4.19. Let K a compact subset of the finite- dimensional vector space X , Y he 
a locally convex space, G N, W a set of weights as in Definition 6.4-1^ 7 G C^{U, Y) 



(where U := X \ K) and h G C^(X, M) such that h = 1 on a neighborhood V of K. 
Then 

{l-h)\u-ieC'y,{UX)'- 

Proof. We prove this by induction on k. 

k = 0: Let / G W, p G Af{Y) and £ > 0. By (13), there exists an n G N such that 



l7l(7\B(0,n)llp,/,0 < Y 



+ \\l-h\\oo' 



The set 



A := < X e X : (1 - h)(x) > — >nB(0, n) 

ll7l|p,/,o + 1 ' 



is compact and contained in U since {1 — h) = on V^. We easily calculate that 
\\{l-h) --fluxAWpjfi < e. 
k ^ k + 1: We calculate 

-h)\u-i) = {l- h)\u ■ D-1 - Dh\u ■ 7- 

By the inductive hypothesis, (1 — h)\u ■ D'-f G C^{U,L{X,Y))* , and since Dh\u G 
C^{U, L{X, M)), we use |Corollary 3.4. 17| and ILemma 3.4l0] to finish the proof. □ 



Lemma 6.4.20. Let m E N, k E N, W a set of weights as in Definition 6.4-13, Y 



a locally convex space, V U open and nonempty subsets of such that \V is 
compact and C V . Further, let 7 G C^{U.,Y) such that 7|v G C^(V,y). Then for 
any open set W with W C U, the map 'y\w is in C!^{W, Y). 



Proof. Obviously W \ V W (1 (M™ \ V) , hence \ ^ is compact and does not meet 
Moo. So for each / G W and £ G N with i < k, the map / ■ D^^'>^ is bounded on 1^ \ 
since / is continuous on this set. But f ■ D^^^'j is bounded on V by our assumption. 
Hence / ■ D^^^j is bounded on all of W and the proof is finished. □ 



Lemma 6.4.21. Let m E N, k E N, W a set of weights as in Definition 6.4-13, Y 



and Z locally convex spaces, Vt <^Y open and balanced, (j) : Vt ^ Z a smooth map with 
0(0) = and U C open and nonempty such that R™ \ U is compact and M^o C U. 
Further, let 7 G C^{U,Y) such that '~f{U) C Q. Then there exists an open set V ^ U 
such that M*" \V is compact. Moo ^ V o,nd cj) o 7|y G C^iV, Z). 

Proof. By our assumptions, there exists h E C^(]R™, [0, 1]) with /i = 1 on a neigh- 
borhood of M'" \ U and /i = on a neighborhood of M^o- Using ILemma 6.4.191 and 



Proposition 3.4.22] we see that 

0o((l-/^).7)GC(t/,Z)-, 

so o G Cy^{V,Z), where V := M"^ \ supp(/i). Further, \ is compact and 
Moo ^ V, so the proof is finished. □ 
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Now we are able to prove the main results of this subsection. 

Lemma 6.4.22. Let m E N, G a locally convex Lie group and W a set of weights as in 
Definition 6.4-13. Then the following assertions hold: 



(a) SiW',G;W) is a group. 

(h) C^(M'^,G)* C S{W',G-W). 

(c) 5(M-,G;W)CC^(M™,G)U- 

Proof, (a) Let 71, 72 G SiW", G; W). We set 7 := 71 ■ 73^^ Then for x G Moo, we have 
7(0;) = 7i(a;) ■ 72^^(3;) = 1, and it is easy to see that 7(0;) — 1 if ||a;|| — t- 00. 
Let (0, V) be a centered chart of G and C V an open 1-neighborhood with V V. 
There exist centered charts ((^1, Vi) and (02, V2) such that 0i 07^ G S{'y^'^{Vi), L(G); W), 
where i G {1,2}; we may assume w.l.o.g. that Vi ■ Vj"^ V, V2 '^V and (j)i{Vi) and 
02(V2) are balanced. We define W := fligji 2} 7i~^(^)- Then by ILemma 3.4.18) and 
ILemma 6.4.161 

(01 o7ik,</'2 o72|Ty) G C^{W,MVi) X 02(^2)). 

Further \ Pi^ is compact, and since there exist closed Ai G Wg(1) with Ai ^ Vi 
{i G {1,2}), we have Moo ^ flieii 2} 7j~^(^i) ^ We now applv ILemma 6.4.211 to 
(01 °li\w,4>2° 72\w) and the map 

O ^ O (0-1 X 02-^) : 0l(Vl) X 02(^2) -> UG) 

(where mo denotes the map G xG G : {g,h) g- h~^) and find an open set W C W 
such that MoT C ly', M'" \ ly' is compact and o g C^(W^,L(G)). Applying 
ILemma 6.4.201 with the open sets W C '^~^{y) and 7~i(V) C '^"^{V), we obtain 

o 7|^-i(,.) G C^(7-'(^), L(G)) = S{r\V), L(G); W). 

(b) Since we proved that ^(M™, G; W) is a group, we just have to show that it contains 
a generating set of C^(M™,G)'. We knowjrom [Definition 6X5) that C^(M"',G)'Js 
generated by 0"-^ o C^(M™, ly)', where (0, W) is a centered chart of G and C (j){W) 
is an open convex zero neighborhood. Let 7 G C^(M™, ly)*. Then 7|mcx) = 0; hence 
0~"^°7|moo = 1- Further, since ligm G W, 7(x) — > if ||x|| — )• 00, and thus (0--'^o7)(x) — > 
1 if ||x|| — 7- 00. Now let {ip.,V) be a centered chart of G and V V an open 1- 
neighborhood with V V . There exists an open balanced set C py such that 
0-i(fi) C V. We set U := 7"i(fi). Then 7]^/ G C^(t/,L(G)), W \ U is compact. 



and Moo ^ 7 ^({0}) ^ [/. Hence we can apply [Lemma 6.4.211 to and -0 ^jj^ 
to see that o 0"^ o 7|[/ G Cyy(?7, L(G)) Applying ILemma 6.4.201 with the open sets 
[/ C (^ o 0-1 o 7)"i(y) and {ip o 0"! o 7)-i(V) C (^ o 0"! o 7)-^(i/), we obtain 

^o0-io7|(^,^-,„^)-i(^) gC^((^o0-1o7)-1(\/),L(G')) = 5((^o0-io7)-i(y),L(G');W). 



106 



A. Differential calculus 



(c) Let 7 G S'(]R™, G; W), V) be a centered chart of G and an open 1-neighbor- 
hood with V ^ V. Then the set K := M™ \ 'y~^{V) is closed and bounded, hence 
compact, and 

o e SiR"' \ K, L(G); W) = C^{M.^ \ K, L(G)); 

the last identity is by lLemma 6.4.161 Let h G C^(M™,M) such that = 1 on a neigh- 
borhood of K. Then by ILemma 6.4.191 

- /i) ■ o 71^™^^ e C^(M" \ ir, L(G))V 

Hence7eC^(M-,G)^,,. □ 

Lemma 6.4.23. Let m E N, G a locally convex Lie group and W a set of weights as in 



Definition 6.4-13 . The following equivalence holds: 

C~(M'-,G)-_, = ^(M'",G;W) ^ M^ = ^. 

Proof. Suppose that = 0. Let 7 G C^(M™, G)^ax> (^^ ^) a centered chart of G and 

a 1-neighborhood with V C V^. By ILemma 6.4.3t there exist a compact set K C 
and h G C;?°(M™,R) with /i = 1 on a neighborhood of such that 7(M"' \ C 
and (1 - h) ■ o 7)]^-^;^ G C^(R" \ fs:,L(G))V Since 1r™ G >V and /sT and supp(/i) 
are compact, {ip o 7) (a;) — )■ if ||a;|| — ?■ 00, hence 7(x) — )■ 1 if ||a;|| — ?■ 00. Further 
■?/;o7|]gmygypp(/j) G C^(M™' \ supp(/i), L(G')), so we apply [Lemma 6. 4^20] with the open sets 

M™\supp(/i) C -f-\V) and 7~^(^) ^ l'\V) and get V; o 7|^-i(y) G C^{-f-\V),L{G)). 
Hence 7 G S'(]R'",G; W), so in view of ILemma 6.4.22| the implication holds. 

Now let Moo 7^ 0- By definition, C^{W,G) C C;J5(M™, G);;^^, so there exists a 
7 G C^iW, G)'^^^ such that 7 ^ 1 on M^. Then 7 ^ S^M™, G;W). □ 

Remark 6.4.24. In the book [BCRSlj . the groups S{W^, G; W) are only defined if G is a 
so-called LE-Lie group. Since we do not need this concept, we do not discuss it further. 
In ILemma 6"X22] we proved that S{W^,G]W) is an open subgroup of C^{W,Gy^^^ 
and hence a Lie group. Further, for a set W of weights as in lDefinition 6. 4. TSl obviously 
C^(R'", L(G))' = C^(M'", L(G)), whence the results derived by tBCRST] concerning the 
Lie group structure of 5'(R'", G\ W) are special cases of our more general construction. 

It should be noted that the proof of [BCRSlj Lemma 4.2.1.9] (whose assertion resem- 
bles Proposition 3.4.22 ) is not really complete: The boundedness of 'y ■ {g o f) ^ where 



> 0, is hardly discussed. In the finite-dimensional case, compactness arguments sim- 
ular to the one in ILemma 3.4.111 and the Faa di Bruno- formula should save the day, but 
the infinite-dimensional case requires more work. 



A. Differential calculus 

In this section, we present the tools of Michal-Bastiani and Frechet differential calculus 
used in this work. For proofs of the assertions, we refer the reader to |Mil84] . |Ham82J . 
or |Mic8n] . 

In the following, let X, F and Z denote locally convex topological vector spaces over 
the same field K G {R,C}. 
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A.l. Curves and integrals 

Definition A. 1.1 (Curves). A continuous map 7 : / — > X that is defined on a proper 
interval 7 C R is called a C'^ -curve. A C'^-Kurve 7 : 7 — > X is called a C^-curve if the 
limit 

7«(.) + 

exists for all s G / and the map 7'-^^ : / ^ X is a C°-curve. 

Inductively, for /c e N a map 7 : 7 — > X is called a C'^-curve if it is a C^-curve and the 
map 7*^^^ is a C'^~^-curve. We then define 7*^*^^ := (^jWy^-'^) , 

If 7 is a C'^-curve for each /c e N, we call 7 a C°°- or smooth curve. 

Definition A. 1.2 (Weak integral). Let 7 : [a, 6] ^ X be a map. If there exists an 
X e X such that 

A(x) = /" (A o 7)(t) dt for all A e X', 

J a 

we call 7 weakly integrable and x its weak integral and write 

b 

j{t) dt :— X. 

Definition A. 1.3 (Line integral). Let 7 : [a, 6] — > X be a C^-curve and / : 7([a, b]) Y 
a continuous map. We define the line integral of / on 7 by 



/ f{c)dc:= f fm)-7^'\t)dt 

J y J a 



if the weak integral on the right hand side exists. 

We record some properties of weak integrals. 

Lemma A. 1.4. Let ^ : [a,b] ^ X be a weakly integrable curve and A : X ^ Y a 
continuous linear map. Then the map Ao^ is weakly integrable with the integral 



j\Ao^){t)dt^A(^j\{t)dt^. 



Proposition A. 1.5 (Fundamental theorem of calculus). Let 7 : [a, 6] — >■ X &e a C^- 
curve. Then 7^^^ is weakly integrable with the integral 

b 

7W(t) dt = 7(6) -7(a). 

Lemma A. 1.6. If X is sequentially complete, each continuous curve in X is weakly 
integrable. 
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Lemma A. 1.7. We endow the set of weakly integrable continuous curves from [a,b] to X 
with the topology of uniform convergence. The weak integral defines a continuous linear 
map between this space and X . In particular, for each continuous seminorm p : X — )■ M 
and each weakly integrable continuous curve 7 : [a, 6] — )■ X 



7(t) dt 



< 



Ht)\\pdt, 



where we define \\-\\p := p. 

Proposition A. 1.8 (Continuity of parameter-dependent integrals). Let P be a topo- 
logical space, / C M a proper interval and a,b G /. Further, let f : P x I ^ X be a 
continuous map such that the weak integral 

fip,t)dt=: g{p) 



exists for all p E P. Then the map g : P X is continuous. 



A. 2. Differential calculus of maps between locally convex spaces 

We give a short introduction on a differential calculus for maps between locally convex 
spaces. It was first developed by A. Bastiani in the work |Bas64| and is also known as 
Keller's C^-theory. 

Recall the definitions given in [section 2.21 In the following, let X and Y be locally 

convex spaces and f/ C X an open nonempty set. 

Proposition A. 2.1 (Mean value theorem). Let f G C^{U,Y) and v,u E U such that 
the line segment {tu + (1 — t)v : t E [0, 1]} is contained in U . Then 

f{v) - f{u) = f df{u + t{v-u);v-u) dt. 
Jo 

Proposition A.2.2 (Chain rule). Letk eN, f E C^{U,Y) and g E C^{V,Z) such that 
f{U) C V . Then the composition g o f : U Z is a C^-map with 

d{g o /)(u; x) = dg{f{u); df{u] x)) for all {u, x) E U x X . 

Proposition A. 2. 3. Let X and Y be locally convex spaces, U ^ X be open and 
nonempty and k eN. 

(a) A map 

f = if^)^eI■■U^l[Y, 

to a direct product of locally convex spaces ist iff each component fi is . 

(b) A map f : U ^ Y with values in a closed vector subspace Z is iff f\^ : U ^ Z 
is C^. 

(c) If Y is the projective limit of locally convex spaces {Yi : i E 1} with limit maps 
TCi -.Y ^ Yi, then a map f : U -)■ F is C'' ijj tti o f : U -)■ Fj is C'^ for all i E I. 
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Characterization of differentiability of higher order In Proposition 2.2.3 we stated 
that a map is C'^ iff all iterated directional derivatives up to order k exist and depend 
continuously on the directions. Here, we present some facts about the iterated directional 
derivatives. 

Remark A. 2. 4. We give a more explicit formula for the k-th derivative. Obviously, 

d^^^ f{u; Xi) = df{u;xi) and 

,(fc).. ^ S''~^'>fiu + tXk;xi,...,Xk-i)-d^''~^^f{u;xi,...,Xk-i)) 
d^ >f[u] xi, . . . , Xk) = lim . 

The Schwarz theorem extends to the present situation: 

Proposition A. 2. 5 (Schwarz' theorem). Let r E N, f E F), k E N with k < r 

and u eU . The map 

d^'^^fiu; ■) : -> r : (xi, . . . , Xfc) d^''^f{u; Xi, . . . , Xk) 

is continuous, symmetric and k-linear (over the field K). 

Examples We give some examples of C'^-maps and calculate the higher-order differen- 
tials of some maps. 

Example A. 2. 6. (a) A map 7 : J — )■ X is a C'^-curve iff it is a C^-map, and d'y{x; h) = 

(b) A continuous linear map A : X ^ Y is smooth with dA{x; h) = A ■ h. 

(c) More general, a /c-linear continuous map 6 : Ai x ■ ■ ■ x -^Y is smooth with 

k 



db{xi, . . . ,Xk]hi, . . . , hk) = ^ b{xi, Xi-i, hi, Xi+i, 



.Xk 



i=l 



Lemma A. 2. 7. Let X , Y and Z he locally convex topological vector spaces, t/ C A 
an open nonempty set, /c G N and A : Y Z a continuous linear map. Then for 
7 E C''{U,Y) 

A07 e C''{U,Z). 
Moreover, for each i E'N with i < k 

ciW(Ao7) = ^0^(^)7. (t) 
Proof. This is proved by induction on i: 



The chain rule ( Proposition A. 2. 2 ) assures A o 7 G C {U, Z) and 



d{A o 7)(x; h) = dA{-f{x)] d-f{x] h)) = A{d-f{x; h)) 



110 



A. Differential calculus 



for X G ?7 and h & X, hence ([f]) is satisfied for £ = 1. 

If we assume that ([f]) holds for a £ G N, we conclude for x eU and hi, . . . ,hi, /i^+i G X 
d('\A o 7)(x + the+v, h,..., he) - S'^A o ^){x; h, . . . , h,) 



lim 
■ lim 



A(rfW7(x + tVi; /ii, . . . , /i,)) - A{S'h{x; h^, . . . , h,)) 



t 



_^ rfW7(x + t/i£+i; /ii, ■ . ■ , hi) - d^^^j^x; hi,..., h/,) 
t^o t 



= {Aod^^+^^-f){x;hi,...,he,hi+i), 
so IQ holds for £ + 1 as well. 



□ 



Lemma A. 2. 8. Let X , Y and Z he locally convex topological vector spaces, /c G N and 
A : X ^ Y a continuous linear map. Then for 7 G C'^{Y, Z) 

70 A G C^{X,Z). 

Moreover, for each ^ G N with i < k 



rfW(7oA) = d^^^o n A. 



(t) 



Proof. This is proved by induction on i: 

The chain rule ( Proposition A. 2^2 ) assures 7 o A G C^{U, Z) and 

rf(7 o A){x; h) = d-f{A{x); dA{x; h)) = d-f{A{x); A{h)) 
for X G A and h E X, hence ([f]) is satisfied for i = 1. 

If we assume that ([f]) holds for an arbitrary £ G N, we conclude that for x G A and 
hi, . . . ,hi, hij^i G A 

S'+'\joA){x; hi,...,hi,he+i) 

c/W(7 oA){x + thi+i; hi,..., he) - ^^(7 o A){x; hi,..., h,) 



■ lim 



t 



, rfW7(A(x + tVi); A ■ /ii, . . . , A ■ /i^) - t;W7(A(x); A ■ hi, . . . , A ■ hA 
■ lim 

i-i-O t 
1 /"^ 

dim - / rf('^+^V(A(x) + stA(/i^+i); A ■ /ii, . . . , A ■ /i^, M ■ /i^+i) ds 
t Jo 



=d^'+'^^{A{x); A-hi,...,A-he,A- h+i) 
so ([t]) holds for £ + 1 as well. 



□ 



We give a specialization of [Proposition A. 1.8 
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Proposition A. 2. 9 (Differentiability of parameter-dependent integrals). Let P be an 

open subset of a locally convex space, / C M a proper interval, a,b & I and /c G N. 
Further, let f : P x I ^ X be a C^-map such that the weak integral 

b 

f{p,t)dt =: g{p) 
exists for all p & P. Then the map g : P ^ X is . 
A. 2.1. Analytic maps 

Complex analytic maps will be defined as maps which can locally be approximated by 
polynomials. Real analytic maps are maps that have a complexification. 

Polynomials and symmetric multilinear maps For the definition of complex analytic 
maps we need to define polynomials. 

Definition A.2.10. Let A; e N. A homogenous polynomial of degree k from X to y is 
a map for which there exists a /c-hnear map /3 : X^ — > Y such that 

p{x) = I3{ x, ■ , x ) 

k 

for all X E X. In particular, a homogenous polynomial of degree is a constant map. 
A polynomial of degree < k is a sum of homogenous polynomials of degree < k. 

There is a bijection between the set of homogenous polynomials and that of symmetric 
multilinear maps. In this article, we just need that one can reconstruct a symmetric 
multilinear map from its homogenous polynomial. 

Proposition A. 2. 11 (Polarization formula). Let /3 : X^ Y be a symmetric k-linear 
map, p : X ^ Y : X ^ f3{x, . . . , x) its homogenous polynomial and Xq & X . Then 

/3(a;i,...,a;fc) = - J] {-l)''-^''+-+"'^p{xo + SiXi + ■ ■ ■ + SkXk) 

£l,...,£fc=0 

for all Xi, . . . ,Xk & X . 

Complex analytic maps Now we can define complex analytic maps. 

Definition A. 2. 12 (Complex analytic maps). Let X, Y be complex locally convex 
topological vector spaces and U C. X an open nonempty set. A map f : U ^ Y is called 
complex analytic if it is continuous and, for each x & U there exists a sequence ipk)ken 
of continuous homogenous polynomials Pk : X ^ Y oi degree k such that 

oo 

f{x + v) = ^Pk{v) 

k=0 

for all V in some zero neighborhood V such that x + V U. 
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Definition A.2.13. Let X, Y he complex locally convex topological vector spaces and 
f/ C X an open nonempty set. A map / : f/ — )■ F is called Gateaux analytic if its 
restriction on each affine line is complex analytic; that is, for each x eU and v & X the 
map 

Z : z ^ f{x + zv) 
which is definable on the open set Z := {2 G C : x + G t/} is complex analytic. 

Theorem A. 2. 14. Let X, Y he complex locally convex topological vector spaces and 
U X an open nonempty set. Then for a map f : U ^ Y the following assertions are 
equivalent: 

(a) f IS C^, 

(h) f is complex analytic, 

(c) f is continuous and Gateaux analytic. 

We state a few results concerning analytic curves. These share many properties with 
holomorphic functions. Using [Theorem A.2.14| we see that some of these properties 
carry over to general analytic functions. 

Definition A. 2. 15. Let F be a complex locally convex topological vector space and 
t/ C C an open nonempty set. A continuous map / : f/ — )■ F is called a C'^-curve. A 
C^-curve f :U — t- F is called a C^-curve if for all z G f/ the limit 

ui— >-0 W 

exists and the curve /^^^ : f/ — > A is a C^-curve. 

Inductively, for /c G N a curve / is called a C^-curve if it is a C^-curve and /^^^ is a 
Cc~^-curve. In this case, we define f^'^^ := (/(i))^^'-!). 
If / is a C^-curve for all A; G N, / is called a C^-curve. 

Lemma A. 2. 16 (Cauchy integral formula). Let Y he a complex locally convex topological 
vector space, U ^ C an open nonempty set and f : U Y a map. Then 

f is a C^-curve / G C^{U,Y) 

and furthermore 

S''^f{x;hi,...,hk) = hi hk-f^''\x). 

A -curve is complex analytic, and for each x E U , k E Nq and r > with B{x, r) (1 U 
the Cauchy integral formula 

2711 (C - Zf+^ 

holds, where z G B^ix). 
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The Cauchy integral formula implies the Cauchy estimates. 

Corollary A. 2. 17. Let Y be a complex locally convex topological vector space, U <^ C 
an open nonempty set, f : U ^ Y a complex analytic map, x & U, r > such that 
B{x,r) C U and p a continuous seminorm on Y. Then for each z e B^{x) and A; e N 
we get the estimate 

\\f^'\^)\\v < wv, {ll/(C)llp}- 

Real analytic maps 

Definition A. 2. 18 (Real analytic maps). Let X, Y be real locally convex topological 
vector spaces and C X an open nonempty set. Let resp. Yc denote the complex- 
ifications of X resp. Y . A map f :U — >■ y is called real analytic if there is an extension 
/ : V -^JYc of / to an open neighborhood V olU \n Xc that is complex analytic. Such 
a map / will be refered to as a complexification of /. 

A. 2. 2. Lipschitz continuous maps 

We discuss Lipschitz continuous maps between locally convex spaces. 

Definition A. 2. 19. Let X be a locally convex space and p : X — )■ M a continuous 

seminorm. We denote the Hausdorff space X/p~^(0) with Xp and the quotient map with 

TTp : X — >■ Xp. More general, for any subset A C X we set Ap :— np{A). 

Further, we let M{X) denote the set of continuous seminorms on X. 

Let p G M{X). We call C X open w.r.t. p if for each x & U there exists an r > 

such that {y E X : \\y — x\\p < r} C f/. 

Remark A. 2. 20. For any locally convex space X and each p G A/'(X), the norm induced 
by p on Xp will also be denoted by p. Note that this leads to the identity p = VTp o p, in 
particular p is a norm and generates the topology on Xp. No confusion will arise. 

Lemma A. 2. 21. Let X, Y and Z be locally convex spaces, V Y an open nonempty 
set, k & N, J : V ^ Z a map and A G L(X, Y) surjective such that 

-foAeC^U^Z), 

where U := A~^{V). Then all directional derivatives of j up to order k exist and satisfy 
the identity 

d^^^-fo^nA^d^^\-foA) 

i=l 

for alUeN with l<k. 

Proof. This is proved by induction on i: 
£ = 0: This is obvious. 
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£ — > £ + 1: Let y ^ V and hi, . . . ,he, /i^+i G Y. By the surjectivity of A there exist 
X E U and Vi, . . . ,vi, f^+i G X with A - x = y and A ■ i;j = /ij for i = 1, . . . , £, £ + 1. Then 
for all suitable t 

lim ^^^^^^^ ^ ^^^+^' ■ ■ • ^ - d^^hjy, hi,..., hp) 
t->-o t 

S^^-f{A{x + tve+i); A ■ vi, . . . , A ■ v^) - S^^-f{A ■ x; A ■ vi, . . . , A ■ ve) 
= lim 

t^o t 

^■^^ {S'h ° n^^i^ A){x + tv,^i,vi, ...,vd- {d^'h o B^tl A){x,vi,..., ve) 
t^o t 
=d(^+^) {-io A){x;vi,...,vt, Vi+i), 

and this completes the proof. □ 

Lemma A. 2. 22. Let X,Y he locally convex spaces, U ^ X an open nonempty set, 
A; G W, 7 G C*-'+^(f/,y) andi eN with £ < k. Then for each p G Af{Y) and Xo E U 
there exists a seminorm q G N'{X) and a convex neighborhood U^^ ^ U of x w.r.t. to q 
such that for all x,y E f/^o ^^'^t^ hi, . . . , he E X 

e 

Wd^'hiy; hi,..., h,) - S'hix; hi,..., h,)\\p < \\y - l[\Mg (A.2.22.1) 

i=l 

and 

\\S'h{^\ hi,..., h)\\p < l[\Mg. (A.2.22.2) 

i=l 

Proof. Since d^^^'j and d^^'^^'^'j are continuous in {xq, 0, . . . , 0) and multilinear in their 
last i resp. i + 1 arguments, for each p G N'iY) there exists a seminorm q G N'{X) and 
an open ball Uxq '.= Bg{xo, r) ^ U such that 

1 > sup{||c?(^+^)7(?/; hi, . . .,he+i)\\p : y G Bg{xo,r), \\hi\\g, \\hi+i\\q < 1} 

and 

1 > snp{\\d^'^'^-f{y; hi, . . . , he)\\p : y G Bg{xo,r), \\hi\\q, . . . , \\hi\\g < 1}. 
This implies that for each y G Bg{xQ, r) and hi, . . . , hn E X 

n 

\\d^''h{y;hi,...,h^)\l<i.\[\\h,\\„ (t) 

i=l 



where nE {(.,(. + 1}; this proves Estimate (A.2.22.2) 



To prove Estimate (A.2.22.1) , we see that for x,y E Bq{xQ, r) and hi, ... , hi^i G X 
d^^'hiv; hi,..., he) - d^^'>'y{x] hi,...,he) = [ d^^+^'>'y{ty + (1 - t)x; hi,...,he,y- x) dt. 



We applv [Lemma A. 1.71 to the right hand side and get using with n = i + 1. 

\\d^^^{y; hi,..., he) - d^'^'>j{x; hi,..., he)\\p < \\hi\\g ■ ■ ■ \\he\\q ■ \\y - x\\g 
which finishes the proof. □ 
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Definition A. 2. 23. Let X and Y be locally convex spaces, f/ C X an open nonempty 
set, /c e N, p e -^{Y) and q G A/'(X). We call 7 : f/ — > F Lipschitz up to order k with 
respect to p and g if 7 G C^(f/, F) and |Estimate (A.2.22.1)| and |Estimate (A.2.22.2)| in 



ILemma A. 2. 22 1 are satisfied for all £ G N with i < k, x,y & U and hi, . . . ,hi G X. We 
write CClp{U, Y) for the set of maps that are Lipschitz up to order k with respect to p 
and q. 



Lemma A. 2. 24. Let X and Y be locally convex spaces, U C X an open nonempty 
set, k e p e MiY), q G A/'(X) and 7 G CCgp{U,Y). Then there exists a map 



7 G CCg p{Uq, Yp) that makes the diagram 



U—^Y 

i i 

U,-^Yp 



commutative (using notation as in Definition A. 2. 19 ). 
Proof. Let £ G N with £ < k. Since 7 G CC^piU, Y), the map 



Hr, O 



S'h:{U,q)x{X,qY^Yp 



is continuous. Hence by the universal property of the separation there exists a continuous 
map 7£ such that the diagram 



U xX^ 



U,xX^ 




{U,q)x{X,q) 




commutes, where we denote Tiq\u with vr^. The diagram for £ = implies that 7 o vr^ = 
TTp o 7 G C^(U, Yp), where 7 := 70. We proved in ILemma A.2.2l1 that the £-th directional 
derivative of 7 exists and satisfies the identity 



d^^^ O n VTg = d^^\^ O TT,) = d(^)(7rp O 7) 



i=l 



TTp O 



7 



^+1 

7£ O n TTq. 



i=l 



Since 11^=1 tt^ is surjective, this implies that (i'^^^7 = 7^, so the former is continuous. From 
this we conclude that 7 G and that the estimates flA.2.22.ip and flA.2.22.2p 

are satisfied by 7. □ 
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A. 3. Frechet differentiability 

For maps between normed spaces, there is the classical notion of Frechet differentiability. 
This concept relies on the existence of a well-behaved topology on the space of (fc-)linear 
maps between normed spaces. We will see that, nonetheless, it is closely related to 
Michal-Bastiani differentiability. 

A. 3.1. Spaces of multilinear maps between normed spaces 

Definition A. 3.1. Let X, Y be normed spaces. For each k E N* we define 

L'^(X, Y) := {S : X'' — t- F : S is fc-linear and continuous}. 
For k = 1 we define 

L(X,F) := L\X,Y) and L(X) := L\X,X), 

and furthermore 

L°(X, Y) := Y. 

The set of multilinear continuous maps can be turned into a normed vector space: 

Proposition A. 3. 2. Let X, Y be normed spaces and k G N* . A k-linear map S : X'^ — )■ 

Y is continuous iff 

:= sup{||H(t;i, . . .,Vk)\\ ■ \\vi\\, ■ ■ ■ , \\vk\\ <l} <oo. 

||S||op is called the operator norm o/S. || -Hop is a norm on L'^(X, Y). The space L'^(X, Y), 
endowed with this norm, is complete if Y is so. 

Proof. The (elementary) proof can be found in [DieGOj Chapter V, §7]. □ 
Lemma A. 3. 3. Let X , Y be normed spaces and A; G N*. Then the evaluation map 

L'=(X, Y) X X^ : {E,vi,..., Vk) ^ ...,Vk) 
is {k + l)-linear and continuous. 

Proof. This is trivial. □ 

Lemma A. 3. 4. Let X and Y be normed spaces, k E W, E E L'^(X, Y) and hi, ... , h^, 
fi, . . . , ffc G X. Then 

k 

. . . , - ...,Vk)\\ < . . . ,Vi-i, hi - Vi, hi+i, hk)\\. 

Proof. This estimate is derived by an iterated application of the triangle inequality. □ 

The following lemma helps to deal with higher derivatives of Frechet-differentiable 
maps. 
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Lemma A. 3. 5. Let X , Y be normed spaces and n,k E N* . Then the map 

£k,n : L'=(X,L"(X,F)) ^ L^'+"(X,r) 

£k,n{^){hi, ...,hn,vi,..., Vk) := . . . , Vk){hi, ...,hn) 

is an isometric isomorphism. In some cases, we will denote „ by S^^- 

Proof. Obviously Sk^n is linear and injective. Furthermore 

\\Sk,n{,'^){hi, . . . ,hn,Vi, . . . , Vk) II = ||5(i;i, . . . , Vk){hi, ...,hr 



) ""nj II 

k 



< \\E{vi, . . . ,Vk)\\opY\,\\hi\\ ^ l|S||opnil^j|l Hll^J 



''III) 

1=1 i=l 1=1 



and hence 



||^fe,n.(' — ^)||op — II' — ^||op- 

On the other hand, for ||fi||, . . . , ||ffc||, \\hi\\, . . . , ||/i„|| < 1 we have 

\\E{vi,...,Vk){hi,...,hn)\\ < \\Sk ,n{^) \\op- 

Hence 

||2(Wi,...,ffc)||op < \\Sk,n{^)\\op, 

which leads to 

II'— 'Hop — ||^A:,n('^) Hop) 

SO Sk^n is an isometry. It remains to show that £k,n is surjective. To this end, for a 
M G L'=+"(X, Y) we define the map M G L^'(X, L"(X, Y)) by 

M{vi, ...,Vk){hi,...,hn) := M{hi, . . . , hn,Vi, . . . ,Vk). 

Clearly, Sk,n{M) = M. Since M was arbitrary, Sk^n is surjective. □ 

Lemma A. 3. 6. Let X, Y and Z be normed spaces and G N. Then the map 

L'=(X, r X Z) ^ L'=(X, Y) X L'=(X, Z) : S ^ (Try o H, tt^ o H), (A.3.6.1) 

where tty respective ttz denotes the canonical projection from Y x Z to Y respective Z , 
is an isomorphism of topological vector spaces. 

Proof. The map in flA.3.6.ip is linear since its component maps S i— t- vry o H and S i— )■ 
TT^ oH are so. The injectivity of flA.3.6.ip is clear, and the surjectivity can also be shown 
by an easy computation. 

To see that f lA.3.6.ip is an isomorphism we denote it by i and compute for Xi, . . . ,Xk G X 
{{t^lHxx) ° ■ ■ -^Xk), (vrLfc(x,z) o . . . , Xk)) 

= ((TTy O . . . {iTz O E){xi, . . . , Xfc)) = E{xi, . . . 

From this one can easily derive that i and its inverse are continuous since depending on 
the norm we chose on the products, i is an isometry. □ 
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A. 3. 2. The calculus 

In this section let X, Y and Z denote normed spaces and U be an open nonempty subset 
of X. Recall the definition of Frechet differentiability given in lDefinition 2.3.T1 
We give some examples of Frechet differentiable maps. 

Example A. 3. 7. (a) A continuous linear map A : X Y is smooth with DA[x) = 
A. 

(b) More generally, a continuous /c-linear map b : Xi x ■ ■ ■ x X^ — )■ F is smooth with 

k 

Db{xi, . . . ,Xk){hi, . . . ,hk) = b{xi, Xi-i, hi, Xi+i, ...,Xk). 

i=l 

Some properties We prove the Chain Rule and the Mean Value Theorem for Frechet 
differentiable maps. Beforehand, we need the following 

Lemma A. 3. 8. Let X , Y and Z be normed spaces, U X an open nonempty set, 
k eN and A -.Y Z a continuous linear map. Then for e J^C\U,Y) 

A07 G TC\U,Z). 

Proof. We prove this by induction over k. The assertion is obviously true for k = 0. If 
k = 1, then A o 7 is by Proposition A. 2. 2 with 



d{A o 7)(x; ■) = dA{j{x); ■) ■ d'y{x; ■) = Ao d'y{x; ■). 

Since the composition of linear maps is continuous, we conclude that A o 7 is J^C^ with 
D(A o 7) = v4 o D-f. 

k ^ k + 1: The map D'j is J-'C^, hence by the induction hypothesis, so is A o D'j = 
D(y4 o 7). Hence A o 7 is TC^^^ , which finishes the induction. □ 

Lemma A.3.9. Let k eN, rj e J^C''{U, Y) and 7 G J^C''{U, Z). Then the map 

: U -^Y X Z : X ^ {'y{x),r]{x)) 

is contained in J^C^{U, Y x Z). 

Proof. For k = the assertion is obviously true. If = 1, we easily calculate that (7, 77) 
is with 

d(7, ri){x; h) = {d-y{x; h), drj{x] h)). 

Hence 

ci(7, ?7)(x; ■) = i"^(d7(x; ■), dri{x] ■)), 

where i denotes the isomorphism (lA.3.6.ip from lLemma A.3l6l We conclude that (7,^7) 
is J^C\ 

For k > 1, the assertion is proved with an easy induction using [Lemma A. 3. 81 □ 
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Proposition A.3.10 (Chain Rule). LetkeN,r]e TC^{U, Y) and 7 G 7C^{V, Z) such 
that r]{U) C V. Then o r] E TC''{U, Z) and 

D^-^ o rj){u) = {D-^ o rj){u) ■ Drjiu) (*) 

for all u E U. 

Proof. The proof is by induction on k: 

k = 1 : We apply the chain rule for C^-maps ( Proposition A.22 ) to see that 7 o is C^, 
and for {u,x) E U x X we have 

(i(7 o ri){u; x) = d'^{rj{u)] drj{u] x)). 

From this identity we conclude that Q holds. Finally we obtain the continuity of 
D{'-) oTj) from the one of -, D7, Drj and rj. 

A; — )■ /c + 1 : By the inductive hypothesis, the maps and Dr] are J^C^ . We already 
proved in the case k = 1 that (j*]) holds. By the inductive hypothesis, D'^ o rj E J^C^ . 
Since ■ is smooth (see Example A.3.7), we conclude using iLemma A. 3^ and the inductive 



hypothesis that D{'y o rj) is J-'C . Hence 7 o is J^C . □ 
Proposition A.3.11 (Mean Value Theorem). Let f E J'C\U,Y). Then 

f{v) - f{u) = C Df{u + t{v - u)) -{v-u) dt 



for all v,u E U such that the line segment {tu + (1 — t)v : t E [0, 1]} is contained in U. 
In particular 

Wfiv) - fiu)\\ < sup \\Dfiu + t{v - u))\l,\\v - u\\. 
te[o,i] 



Proof. The identity is a reformulation of [Proposition A.2.1[ hence the estimate is a direct 



consequence of ILemma A. 1.71 □ 

Higher order derivatives The isomorphisms provided by ILemma A. 3. 51 can be used 
to characterize Frechet differentiability of higher order. 

Remark A. 3. 12. We define inductively 

L\ y := r and := L(A, L^ y)- 

Definition A. 3. 13 (Higher derivatives). Let ri G N. For each A; G N with k < n we 
define a linear map 

D^'^) : J^C"(f/, Y) J^r~\U, L\X, Y)) 
by /^(o) := id^c^iux) ^ = 0, D^'^^ := D for k = 1 and for 1 < A; < n by 

D«7 := d,i ° ■ • ■ ° <r ° <r ° (<D£_^)(7). 

k times 
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Here we used the notations introduced in IRemark A. 3. 121 Note that the image of 
is contained in TC"-''{U,L''{X,Y)) because the maps £l_^^, £^f'^, S^f-^ 



are continuous hnear maps and hence smooth (see Example A.3.7 ); so the chain rule 
( Proposition A.SriO ) gives the result. 
We call D^''^ the k-th derivative operator. 

The (A; + l)-st derivative of a map 7 is closely related to the k-th derivative of D7: 

Lemma A. 3. 14. Let n G N*, 7 G J^C"{U, Y) and k eN with k < n. Then 

Proof. This follows directly from the definition of D^'^^^^'j. □ 

A. 4. Relation between the differential calculi 

We show that the two calculi presented are closely related. First we prove that each 
J-'C'^-map is a C'^-map and that the higher differentials are in a close relation. 

Lemma A. 4.1. Let k E W and 7 G J-'C''{U,Y). Then 7 zs a C^-map (in the sense of 
\section A.^) . and for each x E U we have 



Proof. We prove this by induction. 

k = 1: It follows directly from [Definition 2.3. II that 7 is a map and that the identity 

D^^^-f{x) = D-f{x) = d-f{x; ■) = d^'^h{x; ■) 

holds. 

k ^ k + 1: Let x G f/ and hi, ... , hk+i G X. We know from lLemma A.3. 141 that 

= (£:,,! o(Z}WZ}7))(x)(/ii,...,Vi) 
= (D«D7(x)(/i2,..., 

The inductive hypothesis gives 
= (rf(^)D7(a;; /is, • . . , Vi)) • /^i 

li™ t 
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Another application of the inductive hypothesis, together with the continuity of the 
evaluation of linear maps ( ILemnia A.3.3|) and ILemma A.3.14| gives 

- lim ^^'~'H-P7)(a^ + thk+i){h2, ...,hk)-h- D(^-i)(D7)(x)(/i2, ...,hk)-h 

t^o t 

o D('=-i)(D7))(x + thk+i){hi, ...,hk)- {Sk-1,1 o D('=-i)(D7))(x)(/ii, ...,hk) 
= lim 

t^o t 

= lim . 

t^o t 

Another application of the inductive hypothesis finally gives 

S'^'^-fix + thk+i; hi,..., hk) - ^^7(0;; hi,..., hk) 

= hm . 

t^o t 

Hence ^^^"'"^''7 exists and satisfies the identity 

rf('=+i)7(x; hi,..., hk+i) = D^^^'^^{x){hi, hk+i). 

Since D^^^'^^'y and the evalution of multilinear maps are continuous (see ILemma A.3.3|) . 
is so. In Proposition 2.2.3 we stated that this (and the inductive hypothesis) 



assure that 7 is a C^^^ map. □ 

The preceding can be used to give a characterization of Frechet differentiable maps. 

Proposition A. 4. 2. Let 'y : U ^ Y be a continuous map. Then 7 G J^C^{U, Y) iff is 
a C^-map and the map 

U -^L\X,Y):x^S'h{x;-) (h) 
is continuous for each £ G N with i < k. 

Proof For 7 G J'C''{U, Y) we stated in ILemma AXTl that 7 G C'iU, Y) and 

S'hix; ■) = D^'^ix) 



for each x G U and £ G N with £ < k. Since D^^'^'j is continuous by its definition (|A.3.13p . 
([*fcj ) is satisfied. 

We have to prove the other direction. This is done by induction on k: 
k = 1: This follows directly from the definition of J^C^(U, Y). 

k ^ k + 1: We have to show that 7 G TC^^^{U, Y), and this is clearly the case if D'^ G 
FC^(U,L{X,Y)). By the inductive hypothesis this is the case if 1)7 G C^{U,L{X,Y)) 
and it satisfies ([*!] ). Since 7 G J^C'^{U,Y) by the inductive hypothesis and hence D7 G 
J^C^~^{U, L(X, Y)), we just have to show that D7 is C'' and 

U iJ'^X, L(X, y)) : X H-> d^^\D^){x- ■) 
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is continuous. To this end, let x ^ U, h,vi, . . . ,Vk-i,Vk € X and t G IK such that the 
hne segment {x + stvk : s G [0, 1]} C f/. We calculate using iLemma A.3.14t the mean 
value theorem and two applications of ILemma A.4.11 



t 

S''^j{x + tVk] h,vi,..., Vk-i) - (j(^)7(x; h,vi,..., Vk-i) 

t 

1 

(^('^•+1)^(^2, + stVk] h,vi,..., Vk-i, Vk) ds. 



■ h 







Since x i— )■ S'^'^^^'j^x; ■) is continuous by hypothesis, the left hand side of this identity 
converges for t — )■ with respect to the topology of uniform convergence on bounded 
sets to the linear map 

h h-^ (i^''+^^7(x; h,vi,..., Vk-i, Vk). 

Hence is with 

d^^\D-i){x] wi, . . . , Vk-i, Vk) = S^}{d^''-^^^-f{x; ■))(f 1, • • • , Vk-u Vk), 

and since x h- )■ S'''^^^'j(x; ■) and £j^l are continuous (by hypothesis resp. ILemma A. 3. 51) . 
X I-)- S'^\D'y){x] ■) is so, too. □ 

Lemma A.4.3. Let f : U ^ Y be a C^+^ map. Then f G J^C^iU, Y). 



Proof. We stated in Proposition A. 4.2 that / is in J^C^(f/,r) iff for each i eN with 
i < k the map 

U ^L\X,Y) -.x^d^^^fix;-) 
is continuous; but this is a direct consequence of ILemma A. 2.221 □ 

Lemma A. 4. 4. Let X and Y he locally convex spaces, U X an open nonempty 
set, A; G N, 7 G C''^'^{U,Y) , p G J^{Y) and K a compact subset of U. Then there 
exists a seminorm q G M{X) and an open set V w.r.t. q such that K (1 V U and 



7 G BC (Vq^Yp) (For the definition 0/7 see Lemma A. 2. 24 ). 



Proof. Using ILemma A. 2. 221 and standard compactness arguments, we find q G M{X) 



and a neighborhood V w.r.t. g of in ?7 such that Estimate (A. 2. 22.1) and Estimate (A. 2. 22. 2 



hold for 7 on y and all £ G N with £ < k. We proved in ILemma A. 2. 24] that this implies 



that 7 G CCq p{Vq, Yp), and with Proposition A. 4. 2 we can conclude that 7 G J^C [Vg, Ypj 



Further, since D^^^'^{Kq) is compact for all i < k, there exists a neighborhood Vg of Kg 
such that 7 and all its derivatives up to degree k are bounded on V^. □ 
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A. 4.1. Differential calculus on finite-dimensional spaces 

We show that the three definitions of differentiabihty for maps that are defined on 
a finite-dimensional space (Frechet-differentiabihty, Kellers theory and continuous 
partial differentiability) are equivalent. 

Definition A. 4. 5. Let n,k eW and a G Nq a multiindex with |a| = k. We set 

Ia:={iti,...,tk)e{l,...,n}':iyie{l,...,n})a,= \{j:t,=i}\} 
and use this set to define the continuous fc-linear map 

(ii,...,jfc)G/Q 

where hj = . . . , hj^n) for j = 1, . . . , k. 

Proposition A. 4. 6. Let U C he open and nonempty and j : U Y a map. Then 
the following conditions are equivalent: 

(a) ^e:FC\U,Y) 
(h) ^eC\U,Y) 

(c) 7 is k-times continuously partially differentiable. 
If one of these conditions is satisfied, then 

Z}W7(x)(/ii, ...,hk)=Yl ...,hk)- 9"7(x) (A.4.6.1) 

\a\=k 

for all X E U and hi, . . . ,hk G K"-. 

Proof. The assertion (a) =^ (b) is a consequence of ILemma A. 4.1} and since 

and d^^'^'j is continuous ( Proposition 2.2.3 ), the implication (b) =^ (c) also holds. 

It remains to show that (c) =^ (a). It is well known from calculus that D^'f = 
X^iLi Hence d^^^'y{x; hi, ... , h^) exists and is given by 

9^7 



d^^^{x;hi,...,hi) = ^ hi^i,---hi 



= E ( E ^1-- ■ ■ ■ v^^) ■ ^"^(^) 

aeNJ {ii,...,if)G/„ 

= So,{hi,...,h,)-d"j{x). 

From this identity we derive the continuity of x d^^^'j{x; ■), and can conclude using 
Proposition X4:2] that 7 G J^C^{U, Y) and flA.4.6.1|l is satisfied. □ 
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B. Locally convex Lie groups 

The goal of this appendix mainly is to fix our conventions and notation concerning 
manifolds and Lie groups modelled on locally convex spaces. For further information 
see the articles |Mil84] . |Nee06] and |BGN04J . 

B.l. Locally convex manifolds 

Locally convex manifolds are essentially like finite-dimensional ones, replacing the finite- 
dimensional modelling space by a locally convex space. 

Definition B.1.1 (Locally convex manifolds). Let M be a Hausdorff topological space, 
k G N and X a locally convex space. A C''- atlas for M is a set A of homeomorphisms 
(f) : U ^ V from an open subset U ^ M onto an open set C X whose domains cover 
M and which are C'^-compatible in the sense that o -j/;"^ is C'^ for all (j),ip & A. A 
maximal C'^-atlas ^ on M is called a differentiable structure of class C^. In this case, 
the pair (M, A) is called (locally convex) C'^-manifold modelled on X. 

Direct products of locally convex C^-manifolds are defined as expected. 

Definition B.l. 2 (Tangent space and tangent bundle). Let {M,A) be a C'^-manifold 
modelled on X, where > 1. Given x G M, let Ax be the set of all charts around x 
(i.e. whose domain contains x). A tangent vector of M at x is a family y = {y^),j)(z_^^ of 
vectors ^ X such that y^ = d{ip o 0^^)(0(x); y^) for all (p,ip E Ax- 

The tangent space of M at x is the set TxM of all tangent vectors of M at x. It has 
a unique structure of locally convex space such that the map diplT^M '■ TxM — )■ X : 
{.y<t>)<t>eAx I—)- y^ is an isomorphism of topological vector spaces for any ifj G Ax- 

The tangent bundle TM of M is the union of the (disjoint) tangent spaces T^-M for 
all X G M. It admits a unique structure as a C'^^^-manifold modelled on X x X such 
that T0 := (0, dcj)) is chart for each G We let ttm : TM — )■ M be the map taking 
tangent vectors at x to x for any x G M. 

Definition B.l. 3. A continuous map f : M ^ N between C'^-manifolds is called C'' if 
the map ip o f o 0"-*^ is so for all charts ip of N and of M. 

If k > 1, then we define the tangent map of f as the C'^~^-map T/ : TM — )■ TX 
determined by dip o T/ o (T0)^-'^ = d{tp o / o 0"-'^) for all charts ip of N and of M. 

Given X G M, we define T,/ := T/|t,m : T,M ^ Ty(,)X. 

Definition B.1.4. Let A; > 0, M, X and P be C'^-manifolds, and / : M x X P a 
C^-map. We define 

Ti/ : TM X N ^TP : {v,n) ^ TT{v, 0„) 

and 

T2/ : M X TX ^ TP : (m, v) h> Tr(0^, v). 
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Definition B.1.5 (Submanifolds). Let M be a C'^-manifold modelled on the locally 
convex space X and Y C X he a sequentially closed vector subspacc. A submanifold 
of M modelled on F is a subset N Q M such that for each x & N, there exists a chart 
(f) : U around x such that (/)([/ (1 N) —V (lY. It is easy to see that a submanifold 
is also a C'^-manifold. 

The following lemma states that submanifolds are initial: 

Lemma B.1.6. Let M be a -manifold and N a submanifold of M. Then the inclusion 
L : N ^ M is . Moreover, a map f : P ^ N from a -manifold is C'^ iff the map 
L o f : P ^ M is so. 

Definition B.1.7 (Vector fields). A vector field on a smooth manifold M is a smooth 
map ^ : M ^ TM such that ttm o C = i^M- We denote the set of vector fields on M by 
X(M). 

A vector field ^ is determined by its local representations := c?0 o ^ o -.V ^ X 
for each chart : U ^ V oi M. Given vector fields ^ and 77 on M, there is a unique 
vector field rf\ on M such that 77]^ = dry^ o (idy, ^<^) — d^^ o (idy, r]^) for all charts 
(t):U oiM. 

Remark B.1.8 (Analytic manifolds). The definition of analytic manifolds and analytic 
maps between them is literally the same as above, except that the term C^-map has to 
be replaced by analytic map. 

B.2. Lie groups 

Definition B.2.1 (Lie groups). A (locally convex) Lie group is a group G equipped 
with a smooth manifold structure turning the group operations into smooth maps. 

An analytic Lie group is a group G equipped with an analytic manifold structure 
turning the group operations into analytic maps. 

Lemma B.2.2 (Tangent group, action of group on TG). Let G be a Lie group with 
the group multiplication m and the inversion i. Then TG is a Lie group with the group 
multiplication 

Tm : T{G x G) ^ TG x TG ^ TG 

and the inversion Ti. Identifying G with the zero section ofTG, we obtain a smooth 
right action 

TGxG^TG: {v, g) ^ v.g := Tm{v, Qg) 
and a smooth left action 

GxTG^TG: {g,v) ^ g.v := Tm{Og,v). 

Definition B.2.3 (Left invariant vector fields). A vector field V on a. Lie group G is 
called left invariant if g-V{h) = V{gh) for all g,h & G. The set X{G)i of left invariant 
vector fields is a Lie algebra under the bracket of vector fields defined above. 
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Definition B.2.4 (Lie algebra functor). Let G and H be Lie groups. Using tlie iso- 
morpliism X{G)e — )■ TiG : V (-> V{1) we transport tlie Lie algebra structure on 
3C{G)e to L(G') := T^G. If : G — )■ if is a smooth homomorphism, then the map 
L(0) : L(G) — 7- L(if) defined as T0|l(g) is a Lie algebra homomorphism. 

B.2.1. Generation of Lie groups 

We need the following result concerning the construction of Lie groups from local data 
(compare |Bou89} Chapter III, §1.9, Proposition 18] for the case of Banach Lie groups; 
the general proof follows the same pattern). 

Lemma B.2.5 (Local description of Lie groups). Let G be a group, U ^ G a subset 
which is equipped with a smooth manifold structure, and V ^ U an open symmetric 
subset such that 1 E V and V ■ V U . Consider the conditions 

(a) The group inversion restricts to a smooth self map ofV. 

(b) The group multiplication restricts to a smooth map V x V ^ U . 

(c) For each g G G, there exists an open 1-neighborhoodW C U such that g ■ W ■ g~^ C 
U, and the map 

W ^ U : w g ■ w ■ g~^ 

is smooth. 

If (a)-(c) hold, then there exists a unique smooth manifold structure on G which makes 
G a Lie group such that V is an open submanifold of G. If (a) and (b) hold, then there 
exists a unique smooth manifold structure on (V) which makes (y) a Lie group such 
that V is an open submanifold of (y). 

B.2.2. Regularity 

We recall the notion of regularity (see |Mil84| for further information). To this end, we 
define left evolutions of smooth curves. As a tool, we use the group multiplication on 
the tangent bundle TG of a Lie group G. 

Definition B.2.6 (Left logarithmic derivative). Let G be a Lie group, G N and 
?7 : [0, 1] — G a C'^'^^-curve. We define the left logarithmic derivative of rj as 

5,(r/):[0,l]^L(G):t^r/(t)-i.77'(t). 

The curve 6i{ri) is obviously C^. 

Definition B.2.7 (Left evolutions). Let G be a Lie group and 7 : [0,1] — > L(G) a 
smooth curve. A smooth curve rj : [0, 1] — ?■ G is called a left evolution of 7 and denoted 
by Evo1q(7) if Siij]) = 7 and //(O) = 1. One can show that in case of its existence, a left 
evolution is uniquely determined. 
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The existence of a left evolution is equivalent to the existence of a solution to a certain 
initial value problem: 

Lemma B.2.8. Let G be a Lie group and 7 : [0, 1] — t- L(G') a smooth curve. Then there 
exists a left evolution Evol^(G')7 : [0, 1] G ijf the initial value problem 

"'"'^''W-^W (B.2.8.1) 
,,(0) = 1 

has a solution rj. In this case, rj = Evol^(7). 

Proof. This is obvious. □ 

Now we give the definition of regularity: 

Definition B.2.9 (Regularity). A Lie group G is called regular if for each smooth curve 
7 : [0, 1] —7- L(G) there exists a left evolution and the map 

evol^ : C°°([0, 1],L(G)) ^ G : 7 ^ EvolS(7)(l) 

is smooth. 

Lemma B.2.10. Let G be a Lie group. Suppose there exists a zero neighborhood C 
C°°([0, 1],L(G')) such that for each 7 G the left evolution Evolg(7) exists and the map 

Vt^G:^^ Evo1g(7)(1) 

is smooth. Then G is regular. 

Remark B.2.11. We can define right logarithmic derivatives and right evolutions in 
the analogous way as we did above. We denote the right evolution map by EvoF and 
the endpoint of the right evolution by evoF. One can show that a Lie group is left- 
regular iff it is right-regular. Also the equivalent of lLemma B.2.10] holds. In particular, 



equation (B.2.8.1) becomes 

iit) = 7(t) ■ r](t) 

^ \ B.2.11. 1 

r^(O) = 1 ^ ' 

Definition B.2.12. Let G be a Lie group. A smooth map exp,^ : L(G) — )■ G is called 
an exponential map for G if Tocxp,^ = idL(G) and expg((s -|- t)v) = expQ^sv) ■ exp(^(tt>) 
for all s, t e M and v e L(G). 

B.2.3. Group actions 

Lemma B.2.13. Let G and H be groups and a : G x H ^ H a group action that is 
a group morphism in its second argument. Further, let H be a subgroup of H that is 
generated by U. Then 

a{G X H)CH a{G xU)CH. 
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Proof. By our assumption, H — [j^mi^ ^ ^ ^)"- So we calculate 

a{G xH) = a{Gx [j{UU t/"^)") = [j a{G x {U U U-^f) 

^[ja{Gx{Uyj U-^)Y = [j {a{G xU)U a{G x uy^Y C H. 

neN neN 

That's it. □ 

Lemma B.2.14. Let G and H he Lie groups and a : G x H H a group action that is 
a group morphism in its second argument. Then a is smooth iff the following assertions 
hold: 

(a) it is smooth on U x V, where U and V are open unit neighborhoods, respectively. 

(b) for each h E H, there exists an open unit neighborhood W such that the map 
«(-, h) : W ^ H is smooth. 

(c) for each g & G the map a{g, ■) : H ^ H is smooth. 

IfU generates G, (b) follows from (a). IfV generates H, (c) follows from (a). 

Proof. We first show that by our assumptions, a is smooth. To this end, let (g^, h) E Gx 
H. Choose W as in (b). Then U' -.^ U r\W E Ug{1)- We show that a\gu'xvh is smooth. 
Since the map U' x V ^ gU' x Vh : {u, v) i->- {gu, vh) is a smooth difFeomorphism, we 
only need to show that the map 

U' xV ^ H : {u,v) a{gu, hv) 

is smooth. But 

a{gu., hv) — ag{a{u., vh)) — ag{a{u., v)a{u, h)) — ag{a{u, v)a'^{u)), 

where we denote «(•, h) by a'^ and a{g, ■) by ag. Since the right hand side is obviously 
smooth, we are home. 

Now we prove the other two assertions. We suppose that (a) holds. We let S* C if be 
the set of all h E H such that (b) holds. Then V Q S; and since {g) = a^{g)~^ and 
Oi^^' {g) — a^{g)a^\g) for all g eG and h, h' E H, we easily see that 5" is a subgroup of 
H. Since F is a generator, S — H. 

Since U generates G, for each g E G we find gi, gn E U Li such that 

Further, for g' E G and h E H, agi-i{h) = ag'{h)~^, so each is smooth by our 
assumption. Hence ag is smooth. □ 

Lemma B.2.15. Let G and H be Lie groups andcu : Gx H ^ H a smooth group action 
that is a group morphism in its second argument. Then the semidirect product H Xi^G 
can be turned into a Lie group that is modelled on L(if) x L(G). 
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Proof. The semidirect product xi^^ G is endowed with the multiphcation 

{H X G) X {H X G) ^ H X G : {{h, gi), (/i2, ^2)) ^ (h ■ uj{gi, /is), ^1 ■ 92) 
and the inversion 

HxG-^HxG:{h,g)^ {u;{g-\ h-'), g-'), 
so the smoothness of the group operations follows from the one of u. □ 

C. Some facts concerning ordinary differential 
equations 

C.l. Maximal solutions of ODEs 

In the following, we let J C M be a nondegenerate interval and U an open subset of the 
Banach space X. For a continuous function / : JxU^X,XqEU and & J we 
consider the initial value problem 

^'W^^"'-''* (C.l.0.1) 

-f{to) = Xq. 

We state the famous theorem of Picard and Lindelof: 

Theorem C.1.1. Let f satisfy a local Lipschitz condition with respect to the second 
argument, that is, for each (to,a;o) & J x U there exist a neighborhood W of (tQ,XQ) in 
J X U and an K eM. such that for all {t, x), {t, x) & W 

\\fit,x)-fit,x)\\<K\\x~x\\. 

Then, for each {to,XQ) E J x U there exists a neighborhood I of to in J such that the 
initial value problem (IC.l.O.ip corresponding to to and xq has a unique solution that is 
defined on I. 

It is well-known that the local theorem of Picard and Lindelof can be used to ensure 
that there exists a maximal solution. 

Proposition C.l. 2. Let f satisfy a local Lipschitz condition with respect to the second 
argument and let {tQ,Xo) E J xU . Then there exists an interval I ^ J and a function 
(j) : I U that is a maximal solution to (1C.1.0.1|) ; that is, if : .0(7) U is a solution 



of (IC.l.O.ip defined an a connected set, D{'j) C / and 7 = (plo 



(7)- 
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C.2. Criteria on global solvabilty 
C.2.1. Linearly bounded vector fields 

Definition C.2.1. We call / linearly bounded if there exist continuous functions a,b : 
J such that 

\\f{t,x)\\<a{t)\\x\\+b{t) 

for all {t, x) e J xU. 

To prove that this condition on / ensures globally defined solutions, we first need to 
prove some lemmas. 

Lemma C.2.2. Let f be a linearly bounded map that satisfies a local Lipschitz condition 
with respect to the second argument. Let (f) : I ^ U be an integral curve of f. Then the 

following assertions hold: 

(a) If 4> is bounded, I Q J and I is compact, then f is bounded on the graph of (p. 

(b) If j3 := sup / 7^ sup J , then (f) is bounded on [to, ^[ for each to & J. The analogous 
result for inf / also holds. 

Proof (a) Let t e I. Then 

\\f{t,m\\<a{tmt)\\+b{t) 

since / is linearly bounded. Because a and b are continuous and defined on I, they are 
clearly bounded on /. 

(b) For each t e [to,/3[we have 



f{s,(j){s))ds, 



to 



and from this we deduce using that / is linearly bounded: 



um<\mo)\\ + 

< 110(^0)11 + 



f{s,(j){s))ds 
a{s)\\(P{s)\\ + b{s) ds 



to 



< Hal 



[to,/3]l|oo 



ms)\\ds 



to 



||0(to)|| + ||&||oo,[to,/3]|/3-to|. 



The assertion is proved with an application of Groenwall's lemma. □ 

Lemma C.2.3. Assume that f satisfies a global Lipschitz condition with respect to the 

second argument. Then f is linearly bounded. 

Proof. Let {t,x) e J x U and xo G U. Then 

\\f{t,x)\\<\\f{t,x)-f{t,xo)\\ + \\f{t,xo)\\ 

< L\\x-Xo\\ + \\f(t,Xo)\\ < L\\x\\ + L\\xo\\ + \\f{t,Xo)\\. 

Defining a{t) := L and b{t) :— L\\xo\\ + ||/(t,a;o)|| gives the assertion. □ 
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C.2.2. A criterion 

We give a sufficent condition on when an integral curve is uniformly continuous. This 
can be used to extend solutions to larger domains of definition. 

Lemma C.2.4. Let f satisfy a local Lipschitz condition with respect to the second ar- 
gument and let (f) : I ^ U be an integral curve of f such that f is bounded on the graph 
of (p. Then is Lipschitz continuous and hence uniformly continuous. 

Proof. Let ti,t2 £ I- Then 



Theorem C.2.5. Assume that f satisfies a local Lipschitz condition with respect to the 
second argument. Let (p : I ^ U be a maximal integral curve of f . Assume further that 

(a) The image of (p is contained in a compact subset of U or 

(b) f is linearly bounded. 

Then (p is a global solution, that is I = J. 

Proof. We prove this by contradiction. To this end, we may assume w.l.o.g. that P : = 
sup / 7^ sup J. We choose to ^ I- In both cases, / is bounded on the graph of If 
the image of is contained in a compact set, we easily see that the graph of 0|[to,/3[ is 
contained in a compact subset. If / is linearly bounded, we use lLemma C.2.21 

We applv [Lemma C.2.41 to see that 0|[to,/3[ is uniformly continuous, and thus has a 
continuous extension (p to [to;/3]- We easily calculate that is a solution to (IC.LO.ip 
using the integral represention of an ODE. Since (p extends (p, we get a contradiction to 
the maximality oi (p. □ 

C.3. Flows and dependence on parameters and initial values 

For the purpose of full generality, we need a definition. 

Definition C.3.1. Let X be a locally convex space. We call P C X a locally convex 
subset with dense interior if for each x G P, there exists a convex neighborhood U ^ P 
of X and if P C P°. 

In the following, we let J C M be a nondegenerate interval, U an open subset of the 
Banach space X, P be a locally convex subset with dense interior of a locally convex 
space and A; G N with k > 1. Further, let / be in C^{J x U x P, X). We consider the 
initial value problem 




where K := sup^g^||/(s, 0(s)) || < oo. 



□ 



7'(t) = /(t,7W,P) 
7(^0) = Xo 



(C.3.L1) 



for to G J , Xq G U and p G P. 
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Definition C.3.2. Let QCJxJxUxP. We call a map 

: ^ f/ 

a flow for / if for all to & J, Xq & U and p & P the set 

^to,xo,p ■■= {t e J : (to,t,xo,p) e Q} 

is connected and the partial map 

(j){to, ■,Xo,p) : ^to,xo,p U 

is a solution to (IC.S.l.ip corresponding to the initial values to, xq and p. 
A flow is called maximal if each other flow is a restriction of it. 

Remark C.3.3. In |Glo06| Theorem 10.3] it was stated that for each t^ E J, Xq E U 
and po E P there exist neighborhoods Jq of to, Uq of xq and Pq of po such that for every 
s E Jo, X E Uq and p E Pq the corresponding initial value problem (1C.3.1.1|) has a unique 
solution Ts,x,p ■ Jq ^ U and the map 

r : Jo X Jo X Uo X Pq ^ U : {s,t,x,p) ^ Ts,x,p{t) 

is C^. Therefore C^-fiows exist. 

The following lemma shows that two related flows can be glued together: 

Lemma C.3.4. Let I C J be a connected set with nonempty interior and 'y : I ^ U a 
solution to (lC.3.1.ip corresponding to t^ E J , x^ E U and p^ G P. Further let 

(po '■ Jq ^ h ^ Uo y. Po ^ U and (pi : Ii x Ii x Ui x Pi ^ U 

be C'' -flows for f such that Ui is open in X and 

/ = Jo U Ji, Jo n Ji ^ 0, G Po n Pi, (t^, x^) e JoxUo and 7(/i) C Ui. 

Then there exist neighborhoods J^ oft^, of x^, P^ of p^ and a C^-flow 

(j) : J^ X I X X P^ ^ U 

for f. 

Proof. We choose ti G /q H Ji. Since (po is continuous in {t^,ti,x^,p^) and 

(po{tj,ti,Xj,Py) =7(^i) e Ui, 
there exist neighborhoods J^ of t^ in Jq, of x^ in Uo and P-y C Pq fi Pi of such that 

<Po{J'y X {^l} X f/^ X P^) C Ui. 

Then the map 

(poito,t,xo,p) iftG/o 



: J^ X I X X P^ ^ U : {to, Xo,p, t) i-)- 



<Pi{ti,t,(po{to,ti,xo,p),p) if tell 



is well defined since the curves (po(to, ■,Xo,p) and (pi{ti, ■,(po(to,ti,Xo,p),p) are both so- 
lutions to the ODE (1C.3.1.1|) that coincide in ti and hence on Jq fl Ji. Since both (po and 
(pi are C'^-fiows for /, so is (p. □ 
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Lemma C.3.5. Let I C J be a connected set with nonempty interior, ti E I and 
'J : I ^ U a solution to (IC.S.l.ip corresponding to t^ E J , E U and p^ E P. Then 
there exist neighborhoods oft^, of x^, of p^, an interval I ^ I with t^,ti G / 
such that I is a neighborhood of ti in I, and a C^-flow 



: Jy X I X X P^ ^ U 



for f. 



Proof. We use |Glo06[ Theorem 10.3] to see that for each s G / there exist neighborhoods 
Js of s in J, Us of 7(5) in U, Pg of po in P and a C'^-flow 

(ps : Js X Jg X Us X Pg U 

for /; we may assume w.Lo.g. that 7( Js) C Us since 7 is continuous and that Js is open 
in I. Since / is connected and {Js}s^i is an open cover of /, there exist finitely many 
sets Jsi, . . . , Js„ such that t^ G J^^, ti G Js„ and Js,„ fl J^^ 7^ <^==^ \m - £\ < 1. 
Applying ILemma C . 3 . 41 to (psi and we find neighborhoods Ji of t^, Vi of x^, Pi of p^ 
and a C'^-flow 

: Ji X {Js, U Js,) xVixPi^U 
for /. Likewise, 0i and lead to 02, and iterating the argument, we find a C'^-flow 

n 

0„_1 : In-l ^{_}jsk^ Vn-l X P„_i ^ U 
k=l 

for /. □ 

Concerning maximal flows, we can state the following 
Theorem C.3.6. For each ODE (1C.3.1.1|) there exists a maximal flow 

(f): JxJxUxPDn^U 
fl is an open subset of J x J x U x P and (f) is a C'^-map. 

Proof. The existence of a maximal flow is a direct consequence of the existence of maxi- 
mal solutions to ODEs without parameters, see Proposition C.1.2 Now let (to, t, Xo,p) G 
Vt and 'J : I O J ^ U the maximal solution corresponding to to, 2:0 and p. Then to, ^ ^ I, 
and according to ILemma C.3.5t there exists a C'^'-fiow 

T : J.y X I X U^ X P^ U 

for / that is defined on a neighborhood of (to,t,Xo,p). Since is maximal, 

X / X X C f2 

and 

This gives the assertion. □ 
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We examine the situation that an initial time is fixed and the initial values depend on 
the parameters. 

Corollary C.3.7. Let a : P ^ U be a C^-map. Further, let I (1 J be a nonempty 
interval and to E I such that for every p E P there exists a solution 

to the initial value problem (1C.3.1.1|) corresponding to p, to and the initial value a{p). 
Then the map 

r : I X P : {t,p) ^ -fp{t) 

is C^. 

Proof. We consider a maximal fiow : — )■ f/ for /. Since is maximal, 

{to}xIx{{a{p),p):peP}(Zn, 

and for each p E P 

(j){to, ■,a{p),p) = -fp. 
Hence F is the composition of (p and the C'^-map 

I X P ^ J X I X Ui X P : {t, p) (to,t,a{p),p), 

and this gives the assertion. □ 



D. Quasi-inversion in algebras 

We give a short introduction to the concept of quasi-inversion. It is a useful tool for the 
treatment of algebras without a unit, where it serves as a replacement for the ordinary 
inversion. Many of the algebras we treat are without a unit. Unless the contrary is 
stated, all algebras are assumed associative. 

D.l. Definition 

Definition D.1.1 (Quasi-inversion). Let A denote a K-algebra with the multiplication 
*. An X E A is called quasi-invertible if there exists a y E A such that 

x + y — x*y = y-\-x — y*x = 0. 

In this case, we call QIa{x) := y the quasi-inverse of x. The set that consists of all 
quasi-invertible elements of A is denoted by A'^. The map A'^ ^ A'^ : x ^ QIa{x) is 
called the quasi-inversion of A. Often we will denote QI^ just by QL 

An interesting characterization of quasi-inversion is 
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Lemma D.1.2. Let A be a K- Algebra with the multiplication *. Then A, endowed with 
the operation 

A X A ^ A : {x,y) X o y := X + y — X * y, 
is a monoid with the unit and the unit group A^ . The inversion map is given by QIa- 

Proof. This is shown by an easy computation. □ 

In unital algebras there is a close relationship between inversion and quasi-inversion. 

Lemma D.1.3. Let A be an algebra with multiplication * and unit e. Then x & A is 
quasi-invertible iff x — e is invertible. In this case 

QIa{.x) = (x - e)-^ + e. 

Proof. One easily computes that 

{A, o) {A,*) : X ^ e - X 

is an isomorphism of monoids (o was introduced in ILemma D.1.21) . and from this we 
easily deduce the assertion. □ 

D.2. Topological monoids and algebras with continuous 
quasi-inversion 

In this section, we examine algebras that are endowed with a topology. For technical 
reasons we also examine monoids. 

Definition D.2.1. An algebra A is called a topological algebra if it is a topological 
vector space and the multiplication is continuous. 

A topological algebra A is called algebra with continuous quasi-inversion if the set A'^ 
is open and the quasi-inversion QI is continuous. 

A monoid, endowed with a topology, is called a topological monoid if the monoid 
multiplication is continuous. 

A monoid, endowed with a differential structure, is called a smooth monoid if the 
monoid multiplication is smooth. 

Remark D.2.2. If A is an algebra with continuous quasi-inversion, then QI is not only 
continuous, but automatically analytic, see |Glo02a] . 

In topological monoids the unit group is open and the inversion continuous if they are 
so near the unit element: 

Lemma D.2.3. Let M be a topological monoid with unit e and the multiplication *. 
Then the unit group is open iff there exists a neighborhood of e that consists of 
invertible elements. The inversion map 

I -.W ^ W -.x^x-^ 

is continuous iff it is so in e. 
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Proof. Let U he a neighborhood of e that consists of invertible elements and m G M^. 
Since the map 

im ■ M ^ M : X i-^ m* X 

is a homeomorphism, im{U) is open; and it is clear that im{U) C . Hence = 
(U) is open. 

Let / be continuous in e. We show it is so in 2; G . For m G M^, we have 

/(m) = = * x * x~'^ = {x^^ * m)^^ * x^-^ = {px-^ 0/0 £^-i)(m), (f) 

where p^-i denotes the right multiplication by x~^. Since / is continuous in e and 
ix-i{x) = e, we can derive the continuity of J in x from ([f]). □ 

For algebras with a continuous multiplication we can deduce 

Lemma D.2.4. Let A be an algebra with the continuous multiplication *. Then is 
open if there exists a neighborhood of that consists of invertible elements. The quasi- 
inversion QIa is continuous if it is so in 0. 

Proof. Since the map 

A X A ^ A : {x,y) X + y — X * y 
is continuous, we derive the assertions from ILemma D.1.21 and ILemma D.2.31 □ 

D.2.1. A criterion for quasi-invertibility 

We give an criterion that ensures that an element of an algebra is quasi-invertible. It 
turns out that it is quite useful in certain algebras, namely Banach algebras. 

Lemma D.2.5. Let A be a topological algebra and x & A. IfYlili^^ exists, then x is 
quasi-invertible with 

00 

i=l 

Proof. We just compute that x is quasi-invertible: 

/oo\ /oo\ 00 00 



=1 / \ 1=1 / i=2 i=2 



The identity (— Yl'j^i x'^) + x — (— Xli^i a^*) * = is computed in the same way. So the 
quasi-invertibility of x follows direct from the definition. □ 
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D.2.2. Quasi-inversion in Banach algebras 

Lemma D.2.6. Let A be a Banach algebra. Then -Bi(O) C A'^. Moreover, forx G -Bi(O) 

oo 
i=l 

Proof. For x G -Bi(O) the series Xli^i ^* exists since it is absolutely convergent and A is 
complete. So the assertion follows from ILemma D.2^51 □ 

Lemma D.2.7. Let A be a Banach algebra. Then A'^ is open in A and the quasi- 
inversion QIa is continuous. 

Proof. This is an immediate consequence of ILemma D.2.61 and ILemma D.2.41 since 

oo 
i=l 

is analytic (see |Bou67t §3.2.9]) and hence continuous. □ 
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